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bulk-synchronous parallel (bsp) is a bridging model for hpc (high performance computing) 
algorithm design. It provides a conceptual bridge between the physical implementation 
of the machine and the abstraction available to a programmer, while having portable and 
scalable performance predictions of bsp algorithms on most hpc systems. Two questions 
may come to mind. What are formally bsp algorithms? And how to ensure that the 
programmer can effectively program every bsp algorithm with a bsp language, especially 
with the right cost? gurevich proved that three convincing postulates for the sequential 
algorithms are equivalent to what is called abstract state machines (asms), and thus that
asms capture the sequential algorithms. Firstly, we extend these sequential postulates and
asms in order to intuitively and realistically capture the bsp algorithms (and not more). 
Secondly, by using an operational semantics and an algorithmic simulation, we prove that 
asmbsp is equivalent to impbsp, a minimal imperative bsp programming language. Therefore,
bsp programming languages (extending at least impbsp) are bsp algorithmically complete, 
involving the definition of a class model of the bsp algorithms.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

1.1. Context of the work and background

It is well established that everyone informally agrees to what constitutes a sequential algorithm even if usually the word 
“algorithm” is at most a vague concept, or a way to name programs written in pseudo-codes. And now, half a century later, 
there is a growing interest in defining formally the notion of algorithms, in other words, in defining a church thesis not only 
for computable functions but for algorithms [6,7,9]. Currently, there is no common agreement on this definition [5], and 
even less for parallel algorithms.

1.1.1. Axiomatization and characterization of sequential algorithms
An axiomatic presentation (largely machine independent) of the sequential algorithms (step-by-step and discrete time) 

has been done in [6]. The main idea is that there is not a standard language that truly represents all the sequential algo-
rithms. In fact, every algorithmic book presents the algorithms in its own way and programming languages give too many 
details. This definition [6] of the algorithms has been mapped to the notion of abstract state machine (asm

1). Every algo-
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rithm can be captured by an asm and every asm is an algorithm [6,47] (the asm thesis). This allows a common vocabulary 
about algorithms and that has been studied by the asm community for several years.

Class models [48] allow to classify what can or cannot be effectively programmed. In fact, common sequential imperative 
languages such as c or java are turing-complete, which means that they can simulate the input-output (i.e. functional) re-
lation of a turing machine and thus compute (up to unbounded memory) every calculable functions.2 However, algorithmic 
completeness is a stronger notion than turing-completeness. It focuses not only on the input-output behavior of the com-
putation, but on the step-by-step behavior. A model could compute all the desired functions, but some algorithms (ways to 
compute these functions) could be missing. For instance, one-tape and multi-tape turing machines are turing-equivalent, 
but the palindrome recognition can be done in �pn2{ logpnqq steps with a two-tapes machine and requires at least �pn2q

steps with one-tape [10]. That means that the best algorithm requires at least multi-tapes. Therefore, a multi-tape turing 
machine is functionally equivalent to a one-tape turing one, but they are not algorithmically equivalent. Another example is 
the computation of the greatest common divisor: an imperative language with only “for-loop” statements can compute all 
the primitive recursive functions (and not more), but such a language cannot compute the gcd with the smallest complexity, 
whereas it is possible by using a “while” statement [11].

Therefore, some algorithms may not be written in a programming language, even if the same result can be computed 
by using another algorithm. Is it possible to prove whether a model of computation is algorithmically complete, or not? In 
other words, if this model can compute a set of functions, is it possible to compute them by using every possible algorithms? This 
question rises interest because this could guarantee that the best possible algorithm for a desired function can effectively 
be written in this model. The conceptual difficulty of this question is again to clearly define what is meant by “algorithm” 
[5]. By using an operational semantics for an imperative core-language (imp), and an algorithmic simulation between asm

and imp, it has been proved in [12] that common imperative languages are not only turing-complete, but algorithmically 
complete, which was only informally assumed so far. That means that mainstream languages (e.g. c or java) with at least 
unbounded loops and conditionals are algorithmically complete (the class of sequential algorithms). In addition to that, we 
can obtain subclasses (e.g. primitive recursive execution times) if a restriction on loops is given [11,13].

1.1.2. Multi-processors algorithms and general solution
Parallel computers (multi-processors systems a.k.a. hpc machines, high performance computing) are composed of more 

than one processor or unit of computation. Nowadays, hpc is the norm in many areas but it remains more difficult to 
have well defined paradigms and a common vocabulary as it is the case in the traditional sequential world. For instance, 
it is common to informally classify parallel computers (flynn’s taxonomy) by distinguishing them by the way they access 
the system memory (shared or distributed). But this is difficult to get a formal taxonomy of computer architectures and 
frameworks [1]: there is a zoo of definitions of systems, languages, paradigms and programming models. Indeed, in the hpc

community, several words could be used to name the same thing, so that misunderstandings are easy. We can cite parallel 
patterns [3] versus algorithmic skeletons [4]; shared memory (pram) versus thread concurrency and direct remote access 
(drma

3); asynchronous send/receive routines (mpi, http://mpi -forum .org/) versus communicating processes (π -calculus).
So, even if the three postulates for sequential algorithms [6] are mainly consensual, to our knowledge there is not such 

a work for hpc, in the sense of parallel/distributed/concurrent frameworks [19]. Firstly, due to the aforementioned zoo of 
definitions and secondly, due to a lack of realistic cost models of common hpc architectures to, at least, define the class 
of hpc algorithms that is a set of algorithms running on well established times. In hpc, typically, the cost measurement is 
(unfortunately) not based on the complexity of an algorithm (with the help of a cost model) but is rather on the execution 
time, measured using empirical benchmarks4 (even if the trend is towards more rigorous analysis of complexity [1]). This 
is regrettable because the community is failing to obtain rigorous characterizations of subclasses for hpc algorithms. There 
is indeed the pram model (and its algorithms) to define the degree of parallelism of problems, but it is not realistic for 
concrete machines [20].

Without any class model [48], there is also a lack in formal study for algorithmic completeness of hpc languages. Such 
a result is nowadays impossible to obtain due to both aforementioned issues that are the lack of definitions of what hpc

computing formally is and the absence of formal classes of hpc algorithms. For many years, concurrent asms [15] and parallel 
ones [17–19] tried to capture more and more general definitions of parallel, multi-agents, asynchronous or distributed 
computations but, finally, did not exhibit the needed class model. To do this, we promote a rather different bottom-up
approach consisting on focusing on the model under consideration, in order to better highlight the algorithmic execution time, 
which is often too difficult to assess for general models. More generally we want to formalize a class of algorithms [48]
at its natural level of abstraction instead of using a more general model then restrict it with “arbitrary” ad-hoc hypothesis. 
Because we think that taking into account all the features of all hpc paradigms is a daunting task that is unlikely to be 
achieved [1], a bottom up strategy (from the simplest models to the most complex ones) may be a solution that could serve 
as a basis for more general hpc subclass models.

2 Using any parallel machines does not improve this born except in term of duration and, for distributed architectures, available memory.
3 Also known as one-sided communications.
4 Programmers are benchmarking load balancing, communication (size of data), etc. Using such techniques, it is difficult to explain why one code is faster 

than another one and which one is more suitable for one architecture or another.

http://mpi-forum.org/
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Using a bridging model [20] is a first step to the desired formalization. It provides a conceptual bridge between the physical 
implementation of the machine and the abstraction available to a programmer of that machine. It also simplifies the task of 
the design of algorithms, their programming, and ensures a better portability from one system to another. More importantly, 
it allows to reason on the costs of the algorithms, and thus to of a class model (we recall that pram is more studying the 
degree of parallelism of problems rather than define a class model and having a link with physical machines). We conscien-
tiously limit our work to the bulk-synchronous parallel (bsp) bridging model because it has the advantage of being endowed 
with a simple model of execution [21,22]. Moreover, there are many different libraries and languages for programming bsp

algorithms. The best known are the bsplib for c [23] or java [24], ml-like language bsml,5 pregel [26] for big-data, etc.
Informally, it is known that all these languages and libraries allow the programming of every bsp algorithms, but we want 
to formally guarantee it.

1.2. Content of the work

As a basis to this work, we first give an axiomatic definition of bsp algorithms (algobsp , p. 6) by generalizing the gurevich’s 
axiomatization [6] to tuples of processors, and by adding a single and simple postulate. This new postulate (p. 9) is about 
the organization into supersteps of the bsp algorithms. Then, we extend the asm model of computation for bsp (asmbsp , 
p. 15). We aim to prove that the axiomatic presentation algobsp and the operational presentation asmbsp define the same 
set of objects: the bsp algorithms. This can be summarized by (p. 18):

(Intended theorem) algobsp “ asmbsp .

But in “practice”, it is more convenient to use a mainstream language for programming algorithms rather than asms.6 The 
question (and main goal of this work) that arises is: is a bsp programming language expressive enough (algorithmically equiva-
lent) to program all the bsp algorithms? We will prove that it is the case for a core imperative programming language7 with
bsp routines (p. 33). To do so, we will define the notion of algorithmic simulation (p. 30) and then prove that this core 
language is algorithmically equivalent to the class of bsp algorithms: every bsp algorithm could be programmed with this 
language (assuming the same elementary operations) and every program corresponds to an algorithm (even if is useless). 
That is (p. 37):

(Intended theorem) asmbsp » impbsp

which means that the executions are the same, up to fresh variables and a temporal dilation (more details in the SubSection 
3.1 p. 30). An interesting and novel point of this work is that the bsp cost model is preserved.

We finally answer previous criticisms by defining a convincing set of parallel algorithms, a class model, running in a 
predictable time (cost model) and by constructing a programming language (using common imperative statements) which is 
algorithmically complete for bsp algorithms: impbsp » algobsp .

We want to emphasize that our work is about a formal algorithmic model and not on architectures/machines or on 
formal verification of specific bsp algorithms/programs [34]. Our work aims to be an intermediary between programming 
languages and an algorithmic model, the class of bsp algorithms. Thus we extend previous works of [6,12] about sequential 
algorithms, where is has been proved that algoseq “ asmseq » impseq .

To be constructive, we also apply our work to a standard bsp library that is bsplib. We show how to build the com-
munications in our formalism (p. 24) by having a function working step-by-step as required in the asm framework and by 
constructing an exploration witness it.

1.3. Outline

The paper is structured as follows. Section 2 p. 4 is dedicated to the bsp algorithms. We first recall the bsp bridging 
model in SubSection 2.1 p. 4. Then we define the postulates of the bsp algorithms (the axiomatic point-of-view in SubSec-
tion 2.2 p. 6) with some general definitions used through out this paper, and the asmbsp (the operational point-of-view in 
SubSection 2.4 p. 14). We conclude this section by proving p. 18 that algobsp “ asmbsp and that the cost model is preserved 
(SubSection 2.6 p. 24), and by constructing a realization of a subpart of the bsplib’s communications in SubSection 2.7 p. 24.

Section 3 p. 30 is dedicated to bsp programming. We define a notion of algorithmic simulation (SubSection 3.1 p. 30) and 
a core imperative language impbsp (SubSection 3.2 p. 31), then prove (SubSection 3.3 p. 33) the bi-simulation with asmbsp . 

5 As stands in [25] about bsml: “An operational approach has led to a bsp λ-calculus that is confluent and universal for bsp algorithms”. The argument is that
bsml’s primitives can simulate any bsplib program, if the bsplib is algorithmically complete for bsp which was, before this work, formally unknown so far.

6 Mainly because there is only one global loop in pure asms, so the code may be not structured enough for complexity analysis. We are aware that to 
formally study systems or to generate safe codes (functional correctness), asms are useful objects [27], but their implementation AsmL (pure asms with 
constructions allowing iterations and sequential composition) is not (strictly speaking) algorithmically complete [49].

7 We think that such a language is more convenient than asms to determine classes in time or space, or simply to be compared to mainstream program-
ming languages.
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Fig. 1. The sequential case [20].

Fig. 2. The bsp bridging model [20].

We conclude this section by the second theorem p. 38 stating that asmbsp » impbsp , and by proving that the bsp cost model 
is preserved.

Section 4 p. 40 concludes and finishes with a brief outlook on future work.
Remarks: sketches of the proofs are given along the paper, more details are given in the technical reports [44,45], but the 

sketches of the proofs should provide enough details. A reader that have deep knowledge in bsp can jump directly to the 
SubSection 2.2 p. 6. On the other hand, a reader familiar with asm can jump the common definitions (throughout used in 
SubSection 2.2) about first-order structures and their interpretation. We let them in the text in order to be self-contained.8

2. An axiomatization of BSP algorithms

If sequential algorithms has been successfully axiomatized in [6], it is not the case for bsp algorithms. The main objective 
of this section is to formally define them, before proving in the next section that a bsp imperative language is algorithmically
bsp complete (which is the main goal of this work).

2.1. The BSP bridging model of computation

But before formally axiomatizing the bsp algorithms, we must describe in a fairly precise way what is the bridging bsp

model. To do so, we present the notion of bridging model and then we detail the bsp model: machines, model of execution, 
cost model and thus what are informally bsp algorithms.

2.1.1. The notion of bridging model
The von neumann model (ram) has always served as the main model for designing sequential algorithm. It has also 

served as a reference model for hardware design. In the context of parallel algorithm design, no such ubiquitous model 
exists. The pram model (shared memory) allows a theoretical reasoning about algorithms by highlighting the parallelism’s 
degree of problems. Nevertheless, it makes a number of assumptions that cannot be fulfilled in hpc applications and hard-
ware, mainly because, in hpc, the number of processors is limited and the cost of communication is greater than the cost 
of computation.

The ram model is thus the connecting bridge that enables programs from the diverse and chaotic world of sequential 
software to run efficiently on sequential machines from the diverse and chaotic world of hardware (Fig. 1 [20]). In other 
words, it is intended to provide a common level of understanding between hardware and software engineers. A bridging 
model provides software developers with an attractive escape route from the world of architecture-dependent parallel soft-
ware. The term was introduced in [20], which argued that the strength of the ram model was largely responsible for the 
success of sequential computing, so valiant [20] sought for a unifying model that could provide an effective bridge between 
parallel hardware and software.

The bsp model (assumed in direct mode in this paper, Fig. 2 [20]) allows algorithm design without any overspecification 
requiring the use of a large number of architectural parameters of hpc computers. A model of execution is also provided 
ensuring a cost model to be able to compare the efficiently and scalability of bsp algorithms. A bridging model has the 

8 This paper is an extended version of [46] which mainly corresponds to SubSection 2.4 and Section 3. We add the axiomatization, the realization and 
many details about the methodology.
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Fig. 3. A bsp superstep.

advantage that if an algorithm is correct and efficient, then this is the case for “all” physical architectures, present and 
future. This is known as immortal algorithms.

2.1.2. The BSP model
The bsp bridging model describes a bsp computer, an execution model for the algorithms, and a cost model which al-

lows performance predictions of bsp algorithms on a given bsp computer. A bsp computer can be specified by three main 
components: (1) A set of p homogeneous9 pairs of processors-memories (units of computation) where each unit is capable 
of performing one elementary operation or accessing a local memory in one time unit; (2) A communication network to 
exchange messages between the units; (3) A barrier mechanism is able to synchronize all the units. A wide range of cur-
rent architectures can be seen as bsp computers. Clusters of pcs and multi-cores, gpus, etc. can be thus considered as bsp

computers.
A bsp algorithm, in direct mode, is organized as a sequence of supersteps (see Fig. 3) each of which is divided into three 

successive disjointed phases: (1) Each unit only uses its local data to perform sequential computations and to request data 
transfers to other units; (2) The network delivers the requested data; (3) A barrier occurs, making the transferred data 
available for the next superstep. This structured model enforces a strict separation of communication and computation: 
during the first phase of each superstep, no communication between the units is allowed; the information is accessible only 
after the barrier, and messages sent during the previous superstep are available at the destination at the start of the next 
superstep only.

bsp abstracts architectural parameters of parallel hardwares to provide a simple performance model for algorithms and 
programs to target. Units communicate by sending data to every other units. The time g (in flops, gap which reflects network 
bandwidth inefficiency) is for performing a 1-relation which is a collective exchange where every unit receives/sends at 
most one word. The network can deliver an h-relation in time g ̂ h. Synchronize all the units costs L (in flops, “latency” 
which is the ability of the network to deliver messages under a continuous load). The parameter L was originally defined 
as the synchronization periodicity [20] and now is typically the minimal time between two successive supersteps (e.g.
counting the initialization of the “network” and some memory buffers etc. and performing the barrier and guarantying
that all messages were well transmitted). Such values, along with the processor’s speed r (e.g. Mflops per second) can be 
empirically determined by executing benchmarks10 [21] and allows the theoretical cost of algorithms to be compared and, 
finally, the duration of concrete bsp programs to be estimated.

The execution time (cost) of a superstep s is the sum of the maximal of the local processing, the data delivery and the 
barrier times. It is expressed by the following formula: Costpsq “ws`hsˆg ̀ L where ws“max0ďiăppws

i q (where ws
i is 

the local processing time on unit i during superstep s), and hs“max0ďiăpphs
i q (where hs

i is the maximal number of words 
transmitted or received by the unit i). The cost of a bsp algorithm is the sum of its superstep costs.11

Some papers rather use in the formula of the cost the sum of words for hs
i but modern networks are capable of sending 

while receiving data. For some authors, g relates to a throughput cost that is sending at most and receiving at most one 
message per processor. And a message is supposed to have “lots of words” (depending of the size of the network’s packets) 
and L is so not just the cost of a barrier but the cost of small message communication where the h-relation is too low: 
the overall superstep s costs is now maxpL, ws ` g ̂ hsq. However, it is worth noticing that all the expressions of the bsp

cost presented in the literature are equivalent within a small multiplicative constant, and the consistent use of any of them 
would lead to similar results. We still prefer the linear form of the costs because it is simpler for the analysis [21].

Definition 1. (Informal). A bsp algorithm is a computation, organized in a sequence of supersteps, that can be executed on 
any bsp machine.12

9 To be homogeneous is an important constraint of the bsp model. This forbids a processor to run faster than the other ones. Load-balancing and 
distribution of data in general are also simplified since they depend on the size of the data only, assuming that the computations are a pro rata of data.
10 g and L typically depend of p and of the underlying used bsp library (how the data are packaged and received in the memory, i.e. serialized and garbage

collected or not when using a high-level language such as java) and thus of the level of abstraction of the bsp algorithm.
11 This cost is consistent with the fact that most machines are often unable to fully overlap computation and communication. Indeed, on many computers 

the transfer of data from the operating system to the application buffers typically requires processor participation. Furthermore, the parameter L is typically 
large enough to cover for the start-up cost of an h-relation.
12 Assuming, if necessary, some properties on the bsp performance parameters such as p is even and/or L ąą g, etc.
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Notice that there exist other bridging models [33,41] but only bsp is currently widely used and accepted for parallel 
algorithm design. bsp has also been used with success in a wide variety of problems. A complete book of numerical algo-
rithms is [21] and many other algorithms can be found in the literature. More discussions about bsp and algorithms could 
be find in q1-q3 p. 12

2.2. Axiomatization of BSP algorithms

We now give four postulates to axiomatize the bsp algorithms together with some general definitions that will be used 
throughout this work. The bsp algorithms are the objects verifying the four following postulates. We follow [6] for presenting 
only the necessary definitions before every postulate.

Postulate 1 (Sequential time). A bsp algorithm A is given by:

1. A (potentially infinite) set of states SpAq;
2. A (potentially infinite) set of initial states IpAq Ď SpAq;
3. A transition function τA : SpAq Ñ SpAq.

Sets are potentially infinite because an algorithm A, such as an integer sorting, can have an infinite number of inputs, e.g.
all possible integer arrays, or the possible distributions whatever the number of processors for a parallel sorting algorithm. 
These inputs are encoded in the initial states.

An execution of a bsp algorithm A is an infinite sequence of states 
���
S “ S0, S1, S2, . . . such that S0 is an initial state and 

for every t PN , St`1 “ τApStq.
The states occurring in an execution are said accessible. We do not assume that every state is accessible [6]: SpAq might 

be easily defined (e.g. the natural numbers) but the set of the accessible states may not (e.g. the prime numbers if A is the 
sieve of eratosthenes with infinite executions).

As for sequential algorithms [6], instead of defining a set of final states for the bsp algorithms, we will say that a state 
St of an execution is final if τApStq “ St and thus encoded the “output” of the algorithm. Indeed, in that case the execution 
���
S is S0, S1, . . . , St´1, St , St , . . . . So, from an external point of view, the execution will seem to have stopped. We will say 

that an execution is terminal if it contains a final state. The duration is defined by:

timepA, S0q
def
“

#

min
!

t PN | τ t
ApS0q “ τ t`1

A pS0q

)

if the execution is terminal

8 otherwise

We follow [6] in which states, as first-order structures, are full instantaneous descriptions of an algorithm. Using structures 
has also the advantage to sufficiently abstract algorithms (to be at the right level of abstraction [6]); every algorithm can access 
elementary operations that could be executed. For instance, the euclidean algorithm is different by using a native division 
or by simulating it with subtractions. In the same manner, a bsp algorithm could be different whether a broadcasting 
primitive is available or is simulated by lower-level communicating primitives such as point-to-point sending of data. These 
elementary operations are called primitives and depend only on the architecture.13 Our work is thus independent of a given 
architecture, in the spirit of a bridging model. We now first define structures with the notion of interpretation [6] and then 
the execution of algorithms.

Definition 2 (Structure [6]). A (first-order) structure X is given by:

(1) A (potentially infinite) set UpXq called the universe of X ;
(2) A finite set of function symbols LpXq called the signature of X ;
(3) For every symbol s PLpXq an interpretation sX such that:

(a) If c has arity 0 then c X is an element of UpXq;

(b) If f has an arity α ą 0 then f
X

is a function: UpXqα Ñ UpXq.

A bsp algorithm works on independent and uniform units. Therefore, a state St of the algorithm A must be a tuple 
`

X1
t , . . . , X p

t

˘

. To simplify, we annotate tuples from 1 to p and not from 0 to p ́ 1. Notice that p is not fixed for the 
algorithm, so A can have states using different size of “p-tuples” (informally p is the number of units). In this work, we will 
simply consider that this number is preserved during a particular execution. In other words, the size of the p-tuples is fixed for 
an execution by the initial state of A for such an execution.14 If 

`

X1, . . . , Xp
˘

is a state of the algorithm A, then the structures 

13 These functions are intrinsically oracular in order to be independent of the considered machine architectures; for instance, to perform an integer 
addition, the physical machine can use whatever implementation, only the functional result matters.
14 The two others bsp parameters g and L can also be fixed by the initial states as static symbols in the structures; and two initial states can have 

different parameters, that models two executions on two different bsp machines.
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X1, . . . , Xp will be called processors or local memories. The set of the homogeneous local memories (seen as independent) of 
A will be denoted by MpAq. The computation for every processor would be done in parallel, step-by-step and on terms:

Definition 3 (Term [6]). A term θ of LpXq is defined by induction: (1) If c has arity 0, then c is a term; (2) If f has an arity 
α ą 0 and θ1, . . . , θα are terms, then f pθ1, . . . , θαq is a term. The interpretation θ X of a term θ in a structure X is defined by 
induction:

(1) If θ “ c is a constant symbol, then θ X def
“ c X ;

(2) If θ “ f pθ1, . . . , θαq where f is a symbol of the language LpXq with arity α ą 0 and θ1, . . . , θα are terms, then 
θ

X def
“ f

X
pθ1

X
, . . . , θα

X
q.

In order to have a uniform [6] (and homogeneous) presentation, we consider constant symbols in LpXq as 0-ary func-
tion symbols, and relation symbols R as their indicator function χR . Therefore, every symbol in LpXq denotes a function. 
Moreover, partial functions can be implemented with a special symbol undef, and we assume in this paper that every LpXq
contains at least the boolean primitives (true, false, � and ^) and the equality “. The symbols of the signature LpXq are 
distinguished between [6]:

(1) DynpXq the set of dynamic symbols, whose interpretation can change during an execution, like a variable15 x;
(2) StatpXq the set of static symbols, which have a fixed interpretation during an execution. They are also distinguished 

between [6]:
(a) InitpXq, the set of parameters, whose interpretation depends only on the initial state, like an array in a sorting 

algorithm; the symbols depending on the initial state are the dynamic symbols and the parameters, so we call them 
the inputs;

The other symbols have a uniform interpretation in every state (up to isomorphism, see the Definition 5 p. 8), and they 
are also distinguished between:
(b) ConspXq the set of constructors (e.g. true and false for the booleans, 0 and S (successor) for the unary integers, etc.);
(c) OperpXq the set of operations (e.g. � and ^ for the booleans, ` and ˆ for the integers, etc.).

We assume that every element a ‰ undef
X

of the universe UpXq is representable, which means that there exists a 
unique term θa formed only by constructors such that θa

X
“ a. This θa is called the representation of a. This can be proven 

for every usual data structure [12]. For instance, the binary integers use a different copy of N than the decimal integers. In 
other words 31410

X
‰ 1001110102

X
but of course there is a bijection between the two copies. The size of an element is the 

length of its representation, in other words the number of constructors necessary to write it. For instance |31410
X
| “ 3 and 

|1001110102
X
| “ 9. These sizes will be used in SubSection 2.7.3 p. 25 to construct an example of a communication function 

and its exploration witness.

Example 1 (Booleans B). The constructors are true and false, interpreted by two distinct values trueX and false
X

. For 
instance, the interpretation of the operation � can be defined by �X ptrueX

q def
“ false

X
and �X pfalse

X
q def
“ trueX . The 

interpretation of other logical connectives can be defined in the same way.

Example 2 (Unary integers N1). The constructors are the constant symbol 0 and the unary symbol S , interpreted respectively 
by 0 and n ÞÑ n ̀ 1. Therefore, the terms have the form Sn0, and are interpreted by Sn0

X
“ n (thus which has size n ̀ 1). 

Operations can be added to the integer data structures (e.g. the addition ` or the multiplication ˆ), depending of the 
elementary operations considered for the algorithm.

Definition 4 (Formula [6]). A formula F is a term with a particular form: F
def
“ true | false | R pθ1, . . . , θαq | �F | pF1^ F2q

where R is a relation symbol (a function with output trueX or false
X

), and θ1, . . . , θα are terms. We say that a formula is 
true (resp. false) in X if F

X
“ trueX (resp. false

X
).

We are interested in algorithms and not a particular implementation (e.g., the variables’ names). Therefore we will 
consider states up to isomorphism:

15 We assume there is no logical variables and every term is closed, so in this paper a “variable” will be only a dynamical symbol with arity 0.
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Definition 5 (Isomorphism [6]). Let X and Y be two structures with the same signature L, and let ζ : UpXq Ñ UpY q be a 
function. ζ is an isomorphism between X and Y if: (1) ζ is surjective; (2) For every symbol c PL with arity 0, ζ pc X

q “ cY ; 
(3) For every f PL with arity α ą 0, and for every a1, . . . , aα P UpXq, ζ p f

X
pa1, . . . , aαqq “ f

Y
pζ pa1q, . . . , ζ paαqq.

We say that two structures X and Y are isomorphic if there exists an isomorphism between them. Notice that if ζ is 
an isomorphism between X and Y , then ζ pθ X

q “ θ
Y

. And because we assumed that every signature contains the equality 
symbol then every isomorphism is injective. Therefore, we have that a “ b in X if and only if ζ paq “ ζ pbq in Y . In particular, 
a formula F is true (resp. false) in X if and only if F is true (resp. false) in Y . Moreover, because ζ is injective and by 
definition surjective, it is bijective. In particular we can introduce ζ´1, which is also an isomorphism.

Definition 6 (Replacement in a structure). Let X be a structure, and let U1 Ď UpXq and U2 be two sets such that there exists a 
bijection ϕ from U1 to U2. The structure Y obtained by replacing in X the elements of U1 by the elements of U2 is defined 
by: (1) LpY q “LpXq; (2) UpY q “ pUpXqzU1q Y U2; (3) If c PLpXq is a 0-ary symbol then:

cY def
“

#

ϕpc X
q if c X

P U1

c X otherwise

If f PLpXq is a α-ary symbol with α ą 0, and a1, . . . , aα P UpY q, then:

f
Y
pa1, . . . ,aαq

def
“

$

&

%

ϕ
´

f
X `

a11, . . . ,a1α
˘

¯

if f
X `

a11, . . . ,a1α
˘

P U1

f
X `

a11, . . . ,a1α
˘

otherwise

where a1
def
“

"

ϕ´1paq if a P U2
a otherwise

A replacement in a structure is a structure. Moreover, it has been proved in [12] that the replacement is an isomorphism, 
which we will use in Lemma 1 p. 9 and Lemma 2 p. 17. Finally, because bsp algorithms manipulates states as p-tuples of 
structures (one per processor), we easily extend the notion of isomorphisms to tuples of structures:

Definition 7 (Multi-Isomorphism). ÝÑζ is a multi-isomorphism between two states 
`

X1, . . . , X p
˘

and 
`

Y 1, . . . , Y q
˘

if p “ q and 
ÝÑ
ζ is a p-tuple of functions ζ1, . . . , ζp such that for every 1 ď i ď p, ζi is an isomorphism between Xi and Y i .

Postulate 2 (Abstract states). For every bsp algorithm A:

(1) The states of A are p-tuples of structures with the same finite signature LpAq (containing the booleans and the equality);
(2) SpAq and IpAq are closed by multi-isomorphism;
(3) The transition function τA preserves p, the universes and commutes with multi-isomorphisms.

For a bsp algorithm A, let X be a local memory of A, f PLpAq be a dynamic α-ary function symbol, and a1, . . . , aα , b be 
elements of the universe UpXq. We say that p f , a1, . . . , aαq is a location of X , and that p f , a1, . . . , aα, bq is an update [6] on 
X at the location p f , a1, . . . , aαq. For instance, if x is a variable then px, 42q is an update at the location x. But symbols with 
arity α ą 0 can be updated too. For instance, if f is a one-dimensional array, then p f , 0, 42q is an update at the location 
p f , 0q. If u is an update then X ‘ u is a new structure of signature LpAq and universe UpXq such that the interpretation of 
a function symbol f PLpAq is:

f
X‘u

p
ÝÑa q

def
“

#

b if u “ p f ,ÝÑa ,bq

f
X
p
ÝÑa q otherwise

where we noted ÝÑa “ a1, . . . , aα . For instance, in X ‘ p f , 0, 42q, every symbol has the same interpretation as in X , except 
maybe for f because f

X‘p f ,0,42q
p0q “ 42 and f

X‘p f ,0,42q
paq “ f

X
paq otherwise. We precised “maybe” because it may be possible 

that f
X
p0q is already 42. If f

X
pÝÑa q “ b then the update p f , ÝÑa , bq is said trivial in X , because nothing has changed. Indeed, if 

p f , ÝÑa , bq is trivial in X then X ‘ p f , ÝÑa , bq “ X .
If � is a set of updates then � is consistent[6] if it does not contain two distinct updates with the same location. Notice 

that if � is inconsistent, then there exists p f , ÝÑa , bq, p f , ÝÑa , b1q P� with b ‰ b1 and, in that case, the entire set of updates 
clashes [6]:

f
X‘�

p
ÝÑa q

def
“

#

b if p f ,ÝÑa ,bq P� and � is consistent

f
X
p
ÝÑa q otherwise
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If X and Y are two local memories of the same algorithm A then there exists a unique consistent set � “ tp f , ÝÑa , bq | f
Y
pÝÑa q “

b and f
X
pÝÑa q ‰ bu of non trivial updates such that Y “ X ‘� [6]. This � is called the difference between the two structures 

(local memories), and is denoted by Y a X .
Let ÝÑX “

`

X1, . . . , Xp
˘

be a state of A. According to the transition function τA , the next state is τAp
ÝÑX q, which will be 

denoted by pτAp
ÝÑ
X q1, . . . , τAp

ÝÑ
X qpq. We denote by �ipA, ÝÑX q def

“ τAp
ÝÑ
X qi a Xi the set of updates done by the i-th processor 

of A on the state ÝÑ
X , and by ÝÑ� pA, ÝÑX q def

“ p�1pA, ÝÑX q, . . . , �ppA, ÝÑX qq the “multiset” of updates done by A on the state ÝÑ
X . In 

particular, if a state ÝÑX is final, then τAp
ÝÑX q “ ÝÑX , so ÝÑ� pA, ÝÑX q “ ÝÑ

H. More generally, we can extend the notation a to tuples 
`

Y 1, . . . , Y p
˘

a
`

X1, . . . , Xp
˘ def
“

`

Y 1 a X1, . . . , Y p a Xp
˘

. Therefore ÝÑ� pA, ÝÑX q “ τAp
ÝÑ
X q a ÝÑ

X .
Let A be a bsp algorithm and T be a set of terms of LpAq. We say that two states 

`

X1, . . . , X p
˘

and 
`

Y 1, . . . , Y q
˘

of A

coincide over T if p “ q and for every 1 ď i ď p and for every θ P T we have θ Xi

“ θ
Y i

.

Postulate 3 (Bounded exploration for processors). For every bsp algorithm A there exists a finite set T pAq of terms (closed by sub-
terms) such that for every state ÝÑX and ÝÑY , if they coincide over T pAq then ÝÑ� pA, ÝÑX q “ÝÑ� pA, ÝÑY q, i.e. for every 1 ď i ď p, we have 
�ipA, ÝÑX q “�ipA, ÝÑY q.

T pAq is called the exploration witness [6] of A. Some typical examples can be found in [6,47].16 If a set of terms T is 
finite then its closure by subterms is finite too. We assume that T pAq is closed by subterms and [6] contains the boolean 
symbol true. An example of T pAq is given in Example 3 p. 10. The interpretations of the terms in T pAq are called the critical 
elements and we can prove that every value in an update is a critical element:

Lemma 1 (Critical elements). For every state 
`

X1, . . . , X p
˘

of A, @i 1 ď i ď p, if p f , ÝÑa , bq P�ipA, ÝÑX q then ÝÑa , b are interpretations 
in Xi of terms in T pAq.

Proof (Sketch of). The proof is similar to [6]. We assume by contradiction that one interpretation ai is not an interpretation 
in Xi of a term in T pAq. By replacing it (see Definition 6 p. 8) by a fresh value v we obtain a state that coincide over T pAq. 
Thus, by the third postulate, v should appear in �ipA, ÝÑX q, which contradicts that v is fresh. l

That implies that for every step of the computation, for a given processor, only a bounded (thus finite) number of terms 
are read or written, thus that a bounded amount of work is done at every step:

Lemma 2 (Bounded set of updates). For every state 
`

X1, . . . , X p
˘

of the algorithm A, for every 1 ď i ďp, cardp�ipA, ÝÑX qq (the cardinality) 
is bounded.

Proof (Sketch of). According to the Lemma 1, if p f , a1, . . . , aα, bq P �ipA, ÝÑX q then a1, . . . , aα, b are critical elements. But, 
according to the third postulate, T pAq is finite. So the number of possible a1, . . . , aα, b in �ipA, ÝÑX q is bounded. Moreover, 
because LpAq is finite there exists a bounded number of dynamic symbols f . Therefore �ipA, ÝÑX q has a bounded number 
of updates. l

We now organize the sequence of states into supersteps. The communication between local memories occurs only during 
a communication phase. In order to do so, a bsp algorithm A will use two functions compuA and commA indicating if A
runs computations or communications:

Postulate 4 (Supersteps phases). For every bsp algorithm A there exists two functions compuA : MpAq Ñ MpAq commuting with 
isomorphisms, and commA : SpAq Ñ SpAq, such that for every state 

`

X1, . . . , Xp
˘

:

τA

´

X1, . . . , X p
¯

“

" `

compuApX
1q, . . . , compuApX

pq
˘

if D1ď i ď p such that compuApX
iq ‰ Xi

commA
`

X1, . . . , Xp
˘

otherwise

A bsp algorithm is an object verifying these four postulates, and we denote by algobsp the set of the bsp algorithms. 
A state 

`

X1, . . . , Xp
˘

will be said in a computation phase if there exists 1 ď i ď p such that compuApXiq ‰ Xi . Otherwise, 
the state will be said in a communication phase.

Because a state ÝÑX is final if τAp
ÝÑX q “ ÝÑX , according to the fourth postulate, ÝÑX must be in a communication phase which 

is like a final phase that would terminate the whole execution as found in mpi. More discussions about the postulates could 
be find in q7-q18 p. 14.

16 We insist that such exploration witnesses are used to prove that the execution is done step-by-step, but not that the overall execution is bounded 
or finite (it is not a kind of variant or measurement as in the Hoare logic). Step-by-step means that at every step, only a bounded number of terms are 
manipulated, not a growing number of terms, making any machine/algorithm unrealistic (and thus opposed to the bridging model approach).



10 Y. Marquer, F. Gava / Journal of Logical and Algebraic Methods in Programming 109 (2019) 100479
This still requires some remarks. Firstly, at every computation step, every processor which has not terminated performs 
its local computations. Secondly, we did not specify the function commA in order to be generic about which bsp library 
is used. We discuss in Section 2.7.4 p. 26 the difference between commA and the usual communication routines in the
bsp community. Thirdly, during a computation phase, if a processor has finished its computations, the processor “waits” for 
the communication phase, that corresponds to a possible load-balancing overhead of the algorithm. Nevertheless, during 
a communication phase, the communication function can force a processor to send new “data”; this situation can appear 
when a processor reads a value on another processor. More discussions about the function of communication are available 
in q48-q59 p. 30.

Fourthly, in this postulate we did not distinguish a communication step from a synchronization one, because both are 
globally done by the function commA . A superstep is a phase of computation (made of computation steps) followed by 
a phase of communication (made of communication steps the last one being the barrier). The whole execution is thus a 
sequence of supersteps, and the number of supersteps is the same as in the bsp model. Finally, because a processor which 
has finished its computations steps waits for the other to finish, before the communication steps are completed globally, we 
have the intended cost model for bsp. More discussions about the function of communication could be find in q4-q6 p. 12
and in q41-q43 p. 23.

Example 3 (Prefix computation). Our example is a common logarithmic prefix computation that is, for an associative ]
operator, calculating, on each processor pid, 

řpid
i“1 xi “ x1 ] ¨ ¨ ¨ ] xpid where each xi is a value belonging to a processor i

and where p is the number of processors. In a (informal) pseudo-code (where ] is the interpretation of op) in a spmd-like 
manner (single program multiple data17), the algorithm can be written as:

Input: int x;
Output: r;
Init: int j:=0, r:=x, y:=undef;
while (2^j < p) do

if (pid > 2^j) then
read(y,r,pid-2^j);
Comm();
r:=y op r;

else
Comm();

endif;
j:=j+1

endwhile

In this example, the read elementary function allows the processor pid to perform a distant reading of the value of r 
in the processor pid-2^j, which will be done (and the value written in y) during the execution of the Comm function 
only. Each processor gets its final result in r. The parameter pid is interpreted as the value of the processor id (an integer 
between 1 and p). op is ], and the other boolean or arithmetical constructors/operations are interpreted as usual. We also 
use an auxiliary boolean variable b, which is true during the communication phase, and such that the computation phase 
can begin only if b becomes false.

In this example, the local memories can be seen as tuples p ji , ri, xi, yi, biq of the values for the variables ji “ j
Xi

, etc. The 
initial states are such that for every i P t1, ̈ ¨ ¨ , pu, we have ji “ 0, ri “ xi , yi “ undef and bi “ true (we force an empty 
phase of computation to run immediately the necessary communications), and they are distinguished from each other only 
by the number p of processors and the values xi .
A transition step of this algorithm can be seen as a function p j1, r1, x1, y1, b1q ¨ ¨ ¨ p jp, rp, xp, yp, bpq ÞÑ p j11, r

1
1, x1, y11, b

1
1q ̈ ¨ ¨

p j1p, r1p, xp, y1p, b1pq such that for every 1 ď i ď p, if b “ true then commA makes the updates b1i “ false and (if pid ą 2 ji ) 
y1i“rpid´2 ji . Otherwise, compuA makes the updates j1i “ ji`1, b1i “ true and (if pid ą 2 ji ) r1i “ y1i ] ri . The transition stops 
when 2 j ě p.

Finally, by assuming a uniform interpretation of the usual constructors and operations, T pAq “ ttrue, p, pid, j, r, x, y, bu
is an exploration witness. Notice that in this example, we did not use any explicit data transfers (only the primitive read). 
We will explain in SubSection 2.7 p. 24 how to make them explicit.

We now prove that the set of bsp algorithms satisfies, during a computation phase, that every processor computes 
independently of the state of the other processors; there is thus a strict separation of these two phases. To do this, we first 
prove some lemma about the computation phase and then the communication function:

17 Which means that the program is executed individually on each processor.
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Lemma 3 (Computing states are closed by multi-isomorphism). If the state 
`

X1, . . . , Xp
˘

is in a computing phase and multi-isomorphic 
to the state 

`

Y 1, . . . , Y p
˘

, then 
`

Y 1, . . . , Y p
˘

is in a computing phase too.

Proof (Sketch of). We assume by contradiction that for every 1 ď i ď p we have compuApY
iq “ Y i . The transition 

function (second postulate) and the computation function (fourth postulate) commute with multi-isomorphisms, so 
ÝÑ
ζ

`

τA
`

X1, . . . , Xp
˘˘

“
ÝÑ
ζ

`

X1, . . . , Xp
˘

. By applying ÝÑ
ζ

´1 on both sides, we have for every 1 ď i ď p that compuApXiq “ Xi , 
which contradicts that 

`

X1, . . . , Xp
˘

is in a computing phase. l

We did not assume in the fourth postulate that the communication function commutes with multi-isomorphisms, be-
cause this is a corollary of the previous lemma and the second postulate:

Corollary 1 (Properties of the communication). For every bsp algorithm A and for every state in a communication phase, commA

preserves the universes, the number of processors, and commutes with multi-isomorphisms.

Proof (Sketch of). Let ÝÑX be a state in a communication phase, so (fourth postulate) commAp
ÝÑ
X q “ τAp

ÝÑ
X q, thus (second 

postulate) commA preserves the universes and the number of processors. Moreover, according to Lemma 3, ÝÑ
ζ p

ÝÑ
X q is in a 

communication phase too, so (second and fourth postulate) commA
`ÝÑ

ζ p
ÝÑ
X q

˘

“
ÝÑ
ζ

`

commAp
ÝÑ
X q

˘

. l

According to the third postulate, only the critical elements of the local memories matter to compute a step of the execu-
tion. So, we will assume18 that SpAq is closed with respect to the exploration witness, which means that if 

`

X1, . . . , Xi, . . . , Xp
˘

is a state and the structure Y i has the same signature and critical elements as Xi , then 
`

X1, . . . , Y i, . . . , Xp
˘

is a state too.

Proposition 1 (No communication during computation phases). For every state
`

X1, . . . , X p
˘

and 
`

Y 1, . . . , Y q
˘

in a computation phase, 
if Xi and Y j have the same critical elements then �ipA, ÝÑX q “ � jpA, ÝÑY q.

Proof (Sketch of). Because ÝÑX and ÝÑY are in a computing phase, �ipA, ÝÑX q “ compuApXiq a Xi and � jpA, ÝÑY q “
compuApY

jq a Y j . The proof is made by case: if compuApXiq “ Xi and compuApY
jq “ Y j , then �ipA, ÝÑX q “ H “

� jpA, ÝÑY q. Otherwise, we assume compuApY
jq ‰ Y j (the other case being similar). Let ÝÑZ be the p-tuple ÝÑX where Xi

has been replaced by Y j . Xi and Y j have the same critical elements and SpAq is closed with respect to the exploration 
witness, so ÝÑZ is a state. ÝÑX and ÝÑZ coincide over T pAq, so (third postulate) �ipA, ÝÑX q “ �ipA, ÝÑZ q. Moreover, because 
compuApY

jq ‰ Y j , ÝÑZ is in a computing phase, so �ipA, ÝÑZ q “ compuApY
jq a Y j “� jpA, ÝÑY q. l

Finally, notice that our postulates are a “natural” extension of those in [6]:

Lemma 4 (A single processor is sequential). A bsp algorithm with a unique processor (p “ 1) is a sequential algorithm. Thus, algoseq Ď

algobsp .

Proof. By assuming p “ 1 then our first three postulates are the same as those in [6]. For the last postulate, we assume 
that commA is the identity. l

2.3. Questions and answers

As in [22,47,48], we present the discussion about our results by using a dialog between the authors and a scrupulous 
colleague. We discuss also other related works that have guided our choices (with pros and cons). These parts are a bit long 
because our approach differs from the previous ones. We will sometimes refer directly to these discussions in order to make 
the reading more fluent.

Question 1: Hello. I understand that you want to formally characterize subclasses of distributed algorithms (hpc context) but bsp 
seems a naive model of computation and not accurate for hpc. Why did you choose such a model?

Yes, sometimes the bsp model is useless. For example, for irregular data-structures computations, being restricted by the 
supersteps may force to use complex heuristics; which is not as natural as spawning small processes of calculation. However, 
the ability of using the bsp’s model of performance (cost model) for algorithmic study is the most important advantage. And 
this cost model comes from its structured execution model (the sequence of supersteps). Also, in the subdomain of hpc that 
is big-data, bsp is one of the most widely used model as the development of pregel-like frameworks [26] shows. By the 

18 This assumption is without cost, because we can construct the algorithm B with SpBq Ě SpAq and prove results like the Lemma 2 p. 17 for B , then 
apply the result for the restricted set of states SpAq.
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way, the pros and cons of the bsp bridging model are not the topic of this work and are largely discussed in [21,22] and on 
more recent publications.

Q2: OK, for the underlying model of computation, but why did you choose this definition of algorithms (clearly inspired from [6]) and 
not another one?

For this work, we chose the approach of [6] to formally describe the (small-steps, discrete time) algorithms and not the 
recursive equations of [7,8] because instead of claiming that a particular model of computation (the asms or the recursors) 
captures the behavior of the algorithms, the approach of [6] require only a few convincing postulates. There is also the 
model of [9], in which the authors define algorithms as a strategy and a tree of all the possible executions of elementary 
instructions (the events) on what is called “concrete data structures” or cds (the values), with a denotational semantics. But 
notice that, unfortunately, there is no proof of algorithmic equivalence between the aforementioned models. We leave their 
study for the bsp framework to future work. There is also the category of algorithms of [50] but that is currently limited to 
primitive recursive equations.

Q3: So why not simply use a bsp-turing machine to define an algorithm?

It is known that one-tape turing machines could simulate every computable function. But in this paper we are inter-
ested in the step-by-step behavior of the algorithms, and not the input-output relation of the functions. Moreover, simulate 
algorithms by using a turing-machine is a low-level approach, which does not describe the algorithm at its natural level of 
abstraction. Every algorithm assumes elementary operations which are not refined down to the assembly language by the 
algorithm itself. These operations are seen as oracular, which means that they produce the desired output in one step of 
computation.

Q4: From a programming point of view, I think there is too many abstractions. For instance, when using bsplib, messages received at 
the past superstep are dropped, which behavior is not reflected by your function commA .

We want to be as general as possible. Perhaps a future library would allow reading data received n supersteps ago as 
in the bsp+ model of [31]. Moreover, the communication function, as an “elementary function”, may realize some computa-
tions and is thus not a pure transmission of data. But the exploration witness prevents it to do everything: only a finite set 
of symbols can be updated. And we provide a realistic example of such a function which mainly corresponds to the bsplib’s
drma primitives (SubSection 2.7.4 p. 26).

Q5: And so why is it not just a permutation of values to be exchanged?

The communications can be used to model synchronous interactions with the environment (input/output or error mes-
sages, etc.) and therefore make appear or disappear values. Another example is the bsp-pram model of [31] where a sending 
message of a superstep can be received several supersteps after (which is only possible, using the bsplib, by keeping this 
kind of messages in specific buffers). The function of communication is another elementary function such as performing 
arithmetic operations (on binary or unary integers). Our result is independent of these functions and it is the user that 
defines its level of abstraction (the structures and their elementary functions, and on which machine they can be used).

Q6: When using bsplib and other bsp libraries, I can switch between sequential computations and bsp ones. Why not model this kind 
of feature?

The sequential parts can be modeled as purely asynchronous computations replicated and performed by all the proces-
sors. Or, one processor (typically the first one) is performing these computations while other processors are “waiting” with 
an empty computation phase.

Q7: Why are you using (multi-)isomorphisms?

Mainly because we are interested in the actual properties of the models of computation, not the naming conventions 
used for them. Interesting discussions of about isomorphisms are given in [47]. Moreover, this is required for the proofs as 
in [6], to prove by using the second postulate that a multi-isomorphic state is also a state, and thus be able to use the third 
postulate.

Q8: Fine. But are you sure about your postulates? I mean, do they completely define bsp algorithms? Or not more?

It is impossible to be sure because we are formalizing a concept that is currently only intuitive. But because our pos-
tulates are as general and simple as possible, we believe that they correctly capture the intuitive class of bsp algorithms. By 
the way, as in [6], we prove in the next section that our axiomatic presentation is identical to an operational presentation.
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Q9: So there is no hidden limitation, everything is alright?

Of course not. As for sequential asms, recursive algorithms are not well characterized (as explain in [7]); that could be 
a problem if we want to characterize a hierarchical extension of bsp [33] where the overall machine is a tree of recursive
bsp machines (different solutions seems possible but none strongly convinced us). The exploration witness is also a con-
straint (see SubSection 2.7 p. 24) but necessary for the results. Our work is also abstract and so any implementation can 
end up being difficult.

Q10: Speaking abstraction and from a pragmatic point of view, it seems sufficient to be limited to a maximal number of processors, e.g.
p ď 2256 . So why considering an arbitrary number of processors in your results?

When you are designing an algorithm (in your mind), you do not think to a limit (an arbitrary choice) number of pro-
cessors and therefore you would prefer your algorithm to be defined for any number of processors (even with a property 
to this number such as to be a power of two) and thus for any bsp machine, in the present and in the future (notion of 
“immortal algorithms”).

Q11: But in [15,18,19,32], the authors give more general postulates about concurrent and/or distributed algorithms. For example, 
they also assume a infinite set as input (a set of processes that are pairs of agent name associate with a communicating sequential 
algorithm). Why not using their works by adding some restrictions to take into account the bsp model of execution?

This is another solution. But we think that ad hoc restrictions on more general (and complex) postulates is not an ap-
propriate approach to characterize the class of bsp algorithms by themselves. A model is better expressed at its natural level 
of abstraction, in order to highlight its particular properties (e.g. specific subclasses such that communications-oblivious 
algorithms [31]). For instance, the important topic of the cost model is inherent to a bridging model like bsp, and it is not 
clear how such restrictions could highlight this cost model. But your remark is valid, and we will continue to compare our 
work with their approach later.

Q12: Speaking of the processors, why did you not formally define them? For instance, as a special abstract machine.

This would amount to defining a bsp machine (center part of Fig. 2 p. 4) and not the bsp algorithms (right part of Fig. 2). In 
some descriptions of bsp, the performance parameter r does not even exist (this is also the case for the modern multi-bsp

bridging model [33]): there is nothing to say about the processors since they are assumed to be homogeneous, only their 
number and “network” parameters are still relevant.

Q13: About homogeneity, in Postulate 2 you assumed that every processor has the same signature LpAq. But there are distributed 
algorithms for heterogeneous architectures, for instance where computing units may be cpus or gpus, which does not perform the 
same elementary operations.

Indeed, in this paper we are not trying to capture all the distributed algorithms, only the bsp ones, and they are as-
sumed to be homogeneous, which implies that they have the same elementary operations. For instance, you may think of a 
server farm with identical computing units.

Q14: But even if your processors have the same signature, that does not imply that they have the same interpretation, nor even the 
same universe.

Actually they cannot have the same universe, because (for instance) the digits manipulated by one processor cannot be 
the same digits manipulated by another processor, that would be shared memory.

Q15: I wanted to mean different occurrences of the same universe, of course.

OK, but from one processor to another the dynamical symbols (like the variables) and the parameters (e.g. the pid of 
the processor) cannot have the same value, or there would be no point for distributed computation.

Q16: Indeed, but what about constructors and operations? Surely, to state that the processors are homogeneous require that the data 
structures are the same from one processor to another (up to isomorphism)?

We agree that it would be a good definition. And in order to obtain such homogeneity, by using Postulate 2 you have 
to define the interpretation of the constructors and the operations with syntax-based equations as in the Examples 1 and 
2 p. 7. For instance, every processor would work on its own copy of the binary integers. This path has been investigated in 
[12], but the homogeneity hypothesis is not actually required to prove our main contribution.
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Q17: So, in a way, your result is more effective than required, because you proved it for more than homogeneous processors and usual 
data structures.

Indeed, but that means also that the presented results in this work will still hold even after the discovery of novel data 
structures.

Q18: About novel objects, what do you think about subset synchronization?

Subgroup synchronization [30] is a more complicated feature and has not been taken into account in this work. We know 
that it is relevant for modern hpc architectures such as clusters of multi-cores, and there exist specific bridging models 
(such as multi-bsp [33]) for it. Their execution models are more complex and largely different to bsp, and may lead to 
interesting future works.

Q19: For now, you have just an abstract axiomatization of bsp algorithms. What is the link with actual programming?

We will now follow [6] to provide an operational point of view with the notion of abstract state machines (asms). And 
in Section 3 p. 30, we will provide an imperative bsp programming language and common routines from the well-known
bsplib (bsp programming in c) in SubSection 2.7 p. 24.

2.4. ASM-BSP captures the BSP algorithms

The four previous postulates define the bsp algorithms from an axiomatic point of view but that does not mean that they 
have a model [47] or, in other words, that they are defined from an operational point of view. In the same way that the 
model of computation asm captures the set of sequential algorithms [6], we now prove that the asmbsp model captures the
bsp algorithms.

2.4.1. Definition and operational semantics of ASM-BSP

Definition 8 (ASM program [6]).

�
def
“ f pθ1, . . . , θαq :“ θ0

| if F then �1 else �2 endif

| par �1 } ¨ ¨ ¨ }�n endpar

where f is a dynamical symbol with arity α; F is a formula; and θ1, . . . , θα , θ0 are terms of the considered signature.

Notice that if n “ 0 then par �1} ̈ ¨ ¨ }�n endpar is the empty program. If in if F then �1 else �2 endif the program 
�2 is empty we will write simply if F then �1 endif. An asm machine [6] is a kind of turing machine using not a tape but 
an abstract structure X :

Definition 9 (ASM operational semantics [6]). The operational semantics �p�, Xq of an asm program � on a structure X is 
defined by induction as the following set of updates:

�p f pθ1, . . . , θαq :“ θ0, Xq
def
“

!

p f , θ1
X
, . . . , θα

X
, θ0

X
q

)

�pif F then �1 else �2 endif, Xq
def
“ �p�i, Xq

where
"

i “ 1 if F is true on X
i “ 2 otherwise

�ppar �1 } . . . }�n endpar, Xq
def
“ �p�1, Xq Y ¨ ¨ ¨ Y�p�n, Xq

Notice that the semantics of the par is a set of updates done simultaneously, which differs from an usual imperative 
framework. In order to construct an exploration witness for an asm program �, the set Read p�q of the read terms and the 
set Write p�q of the written terms are defined by induction:
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if ps“ 0^ 2 j ă pq then par
if 2 j ă pid then readpy, r,pid´ 2 jq endif
} s :“ 1

endpar
else

if ps“ 2q then par
if 2 j ă pid then r :“ y op r endif
} j :“ j` 1
} s :“ 0

endpar
endif endif

Fig. 4. An asm program for the prefix computation.

Definition 10 (Terms read/written by an ASM program).

Read p f pθ1, . . . , θαq :“ θ0q
def
“ tθ1, . . . , θα, θ0u

Read pif F then �1 else �2 endifq def
“ tF u Y Read p�1q Y Read p�2q

Read ppar �1 } ¨ ¨ ¨ }�n endparq def
“ Read p�1q Y ¨ ¨ ¨ Y Read p�nq

Write p f pθ1, . . . , θαq :“ θ0q
def
“ t f pθ1, . . . , θαqu

Write pif F then �1 else �2 endifq def
“ Write p�1q YWrite p�2q

Write ppar �1 } ¨ ¨ ¨ }�n endparq def
“ Write p�1q Y ¨ ¨ ¨ YWrite p�nq

As before, a state of an asmbsp machine is a p-tuple of local memories ÝÑX “ pX1, . . . , Xpq. We assume that asmbsp

programs work in a spmd-like way, which means that at each step of computation the asmbsp program � is executed 
individually on each processor. Therefore � induces a multiset of updates and a transition function τ�:

ÝÑ
�p�,

`

X1, . . . , Xp
˘

q
def
“

`

�p�, X1q, . . . ,�p�, Xpq
˘

τ�

`

X1, . . . , Xp
˘ def
“

`

X1 ‘�p�, X1q, . . . , Xp ‘�p�, Xpq
˘

We also extend the notation ‘ to tuples by defining ÝÑX ‘ÝÑ� p�, ÝÑX q “ τ�p
ÝÑ
X q. Notice that we may have ÝÑX ‘ÝÑ� p�, ÝÑX q “ÝÑX

and ÝÑ� p�, ÝÑX q ‰ÝÑH if the updates are trivial. If τ�p
ÝÑ
X q “ÝÑX , then every processor has finished its computation steps. In 

that case we assume that there exists a communication function to ensure the communications between processors:

Definition 11. An asmbsp machine M is a triplet pSpMq, IpMq, τMq such that:

(1) SpMq is a set of p-tuples of structures with the same finite signature LpMq (containing the booleans and the equality); SpMq

and IpMq Ď SpMq are closed by multi-isomorphism;
(2) τM : SpMq ÞÑ SpMq verifies that there exists an asm program � and a function commM : SpMq ÞÑ SpMq such that:

τMp
ÝÑ
X q “

"

τ�p
ÝÑ
X q if τ�p

ÝÑ
X q ‰

ÝÑ
X

commMp
ÝÑ
X q otherwise;

(3) commM verifies that:
(1) For every state ÝÑX such that τ�p

ÝÑX q “ ÝÑX , commM preserves the universes and the number of processors, and com-
mutes with multi-isomorphisms;

(2) There exists a finite set of terms T pcommM q such that for every state ÝÑ
X and ÝÑ

Y with τ�p
ÝÑ
X q “ ÝÑ

X and τ�p
ÝÑ
Y q “ ÝÑ

Y , 
if they coincide over T pcommM q then ÝÑ� pM, ÝÑX q “ÝÑ� pM, ÝÑY q (that is commM p

ÝÑ
X q a ÝÑ

X “ commM p
ÝÑ
Y q a ÝÑ

Y ).

We denote by asmbsp the set of such machines. As for the bsp algorithms, a state ÝÑX is said final if τM p
ÝÑX q “ ÝÑX . So if ÝÑX

is final then τ�p
ÝÑX q “ ÝÑX and commM p

ÝÑX q “ ÝÑX .
The last conditions about the communication function may seem arbitrary, but they are required to ensure that the com-

munication function is not a kind of magic device, and that it performs data-exchange (or even computations) step-by-step. 
We presented in this definition only the conditions required to prove Theorem 1 p. 18, and we construct an instance of 
commM in Section 2.7.4 p. 26. More discussions about asmbsp could be find in q20-q25 p. 20. Some related works are also 
discussed in q29-q35 p. 22 and in q45-q47 p. 24.
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$

’

’

’

&

’

’

’

%

X1 “ ts“0, j“0, IdMsg“H, y“undef, r“x1u

X2 “ ts“0, j“0, IdMsg“H, y“undef, r“x2u

X3 “ ts“0, j“0, IdMsg“H, y“undef, r“x3u

X4 “ ts“0, j“0, IdMsg“H, y“undef, r“x4u

Ñ�

$

’

’

’

&

’

’

’

%

X1 “ ts“1, j“0, IdMsg“H, y“undef, r“x1u

X2 “ ts“1, j“0, IdMsg“tp1, r,2, yqu, y“undef, r“x2u

X3 “ ts“1, j“0, IdMsg“tp2, r,3, yqu, y“undef, r“x3u

X4 “ ts“1, j“0, IdMsg“tp3, r,4, yqu, y“undef, r“x4u

ÑcommM

$

’

’

’

&

’

’

’

%

X1 “ ts“2, j“0, IdMsg“H, y“undef, r“x1u

X2 “ ts“2, j“0, IdMsg“H, y“x1, r“x2u

X3 “ ts“2, j“0, IdMsg“H, y“x2, r“x3u

X4 “ ts“2, j“0, IdMsg“H, y“x3, r“x4u

Ñ�

$

’

’

’

&

’

’

’

%

X1 “ ts“0, j“1, IdMsg“H, y“undef, r“x1u

X2 “ ts“0, j“1, IdMsg“H, y“x1, r“x1 ] x2u

X3 “ ts“0, j“1, IdMsg“H, y“x2, r“x2 ] x3u

X4 “ ts“0, j“1, IdMsg“H, y“x3, r“x3 ] x4u

Ñ�

$

’

’

’

&

’

’

’

%

X1 “ ts“1, j“1, IdMsg“H, y“undef, r“x1u

X2 “ ts“1, j“1, IdMsg“H, y“x1, r“x1 ] x2u

X3 “ ts“1, j“1, IdMsg“tp1, r,3, yqu, y“x2, r“x2 ] x3u

X4 “ ts“1, j“1, IdMsg“tp2, r,4, yqu, y“x3, r“x3 ] x4u

ÑcommM

$

’

’

’

&

’

’

’

%

X1 “ ts“2, j“1, IdMsg“H, y“undef, r“x1u

X2 “ ts“2, j“1, IdMsg“H, y“x1, r“x1 ] x2u

X3 “ ts“2, j“1, IdMsg“H, y“x1, r“x2 ] x3u

X4 “ ts“2, j“1, IdMsg“H, y“x1 ] x2, r“x3 ] x4u

Ñ�

$

’

’

’

&

’

’

’

%

X1 “ ts“0, j“2, IdMsg“H, y“undef, r“x1u

X2 “ ts“0, j“2, IdMsg“H, y“x1, r“x1 ] x2u

X3 “ ts“0, j“2, IdMsg“H, y“x1, r“x1 ] x2 ] x3u

X4 “ ts“0, j“2, IdMsg“H, y“x1 ] x2, r“x1 ] x2 ] x3 ] x4u

Fig. 5. Example of an asmbsp execution for the prefix computation.

Example 4. The algorithm p. 10 for the prefix computation can be written with the asm program � in the Fig. 4. In this 
example, readpy, r, pid´ 2 jq is a syntactic sugar19 for IdMsg :“ IdMsgYtppid´ 2 j, r, pid, yqu, where IdMsg is interpreted 
as a set (empty at the initialization) of message identifiers pi, x, j, yq, where i is the identifier of the sending processor, x the 
read location, j the identifier of the receiving processor, and y the written location. More details are given in p. 25. When 
called, for every processor X1, . . . , Xp , the communication function commM performs the data exchanges, then empties the 
buffers IdMsg

X1

, . . . , IdMsg
Xp

.
Instead of using an auxiliary boolean b, we use an integer s (for “control state” [28]) initialized at 0 such that when s “ 0

the (relevant) processors fill the communication buffer, when s “ 1 the asm program does nothing thus the communication 
function is called and updates the state s from 1 to 2, and finally when s “ 2 the (relevant) processors computes the prefix 
by using the received value. As before, the computation stops when 2 j ě p.

We provide an example of execution in Fig. 5 p. 16 for four processors, by distinguishing the computation steps from the 
communication steps.

As before, by assuming a uniform interpretation of the usual constructors and operations, T p�q “ ttrue, p, pid, s, j,
IdMsg, y, ru is an exploration witness for the asm program, and T pcommMq “ ttrue, pid, s, IdMsg, Msg, y, ru is a witness 
for the communication function. A more complex witness is required in SubSection p. 24 for the constructive version of 
the communication function. Therefore, T pMq “ T p�q Y T pcommMq “ ttrue, p, pid, s, j, IdMsg, Msg, y, ru is an exploration 
witness for the asmbsp machine.

2.4.2. The BSP-ASM thesis
In the same way as for the sequential algorithms [47], we will prove that the bsp algorithms and asmbsp are the same set 

of objects. To do so, we first prove in Lemma 7 p. 17 that a transition of a processor in a computation step can be captured 
by an asm program. Then, we prove in Corollary 2 p. 17 that this potentially infinite number of asm programs can be 
reduced to a finite number. Finally, we merge these programs into one (in normal form) in order to prove in Proposition 2
p. 18 that asmbsp captures the computation steps of bsp algorithms. Finally, in Theorem 1 p. 18, we prove that algobsp “

asmbsp .

19 Using explicitly a buffer in asms may seem surprising to a bsplib programmer but this properly reflects the algorithm: we add data in memory that 
will be communicated later (even if an optimized bsp library would be able to perform a communication-computation overlapping during a superstep). For 
verification of algorithms using asms, an extension of the presented core-language is used in [27].
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Let ζ be an isomorphism from the structure X to the structure Y , and let p f , a1, . . . , aα, bq be an update of X . We 
denote by ζ p f , a1, . . . , aα, bq the update p f , ζ pa1q, . . . , ζ paαq, ζ pbqq of Y . We generalize this notation to a set of updates: 
ζ ptu1, . . . , ukuq 

def
“ tζ pu1q, . . . , ζ pukqu, and prove the following lemma, that will be used to prove Theorem 1 p. 18.

Lemma 5 (Isomorphic ASM). For every asm program � with signature LpXq and every isomorphism ζ from X: ζ pX ‘�p�, Xqq “
ζ pXq ‘�p�, ζ pXqq

Proof (Sketch of). ζ pX ‘�p�, Xqq and ζ pXq ‘�p�, ζ pXqq have the same universe Upζ pXqq and the same signature LpXq, 
thus it remains to prove that they have the same interpretation for every symbol f . By definition of ζ p�q, p f , ÝÑa , bq P�

if and only if p f , ÝÝÑζ paq, ζ pbqq P ζ p�q. Moreover, because ζ is an isomorphism (remark p. 8 on formulas), a “ b in X if 
and only if ζ paq “ ζ pbq in ζ pXq, so � is consistent if and only if ζ p�q is consistent. Therefore (definition of the updates) 
f
ζpX‘�q

p
ÝÝÑ
ζ paqq “ f

ζpXq‘ζp�q
p
ÝÝÑ
ζ paqq. l

Lemma 6 (Multi-isomorphic set of updates). If ÝÑζ is a multi-isomorphism from the state ÝÑX to the state ÝÑY then ÝÑζ
`ÝÑ
� pA,

ÝÑ
X q

˘

“
ÝÑ
� pA, ÝÑY q.

Proof (Sketch of). For every 1 ď i ď p, we prove ζi
`

�ipA,
ÝÑ
X q

˘

“ ζi
`

τAp
ÝÑ
X qi a Xi

˘

“ ζi
`

τAp
ÝÑ
X qi

˘

a ζi
`

Xi
˘

“ τAp
ÝÑ
Y qi a Y i “

�ipA, ÝÑY q, by using the remark p. 8 on formulas, and that τA commutes with ÝÑζ . l

Lemma 7 (Each transition is captured by an ASM). For every state 
`

X1, . . . , X p
˘

of the bsp algorithm A in a computation phase, and 
for every 1 ď i ď p, there exists an asm program �

ÝÑX
i such that Readp�

ÝÑX
i q Ď T pAq and �p�

ÝÑX
i , Xiq “ �ipA, ÝÑX q.

Proof (Sketch of). For every update p f , a1, . . . , aα, a0q P �ipA, ÝÑX q there exists (Lemma 1 p. 9) t1, . . . , tα, t0 P T pAq such 
that for every 0 ď j ď α we have t j

Xi

“ a j . So, the asm program f pt1, . . . , tαq :“ t0 is interpreted by p f , a1, . . . , aα, a0q

in Xi . Moreover, �ipA, ÝÑX q contains (Lemma 2 p. 9) a bounded number m of updates p f 1, a1
1, . . . , a

1
α1 , a1

0q, . . . , 

p f m, am
1 , . . . , am

αm , am
0 q. Let �

ÝÑX
i be the following program:

par
f 1pθ1

1 , . . . , θ1
α1q :“ θ1

0

} f 2pθ2
1 , . . . , θ2

α2q :“ θ2
0

...

} f mpθm
1 , . . . , θm

αmq :“ θm
0

endpar

l

To narrow the number of relevant states we use the finiteness of the exploration witness T pAq. For every processor X , 
we denote by E X the equivalence relation on pairs pθ1, θ2q of terms in T pAq defined by:

E X pθ1, θ2q
def
“

#

true if θ1
X
“ θ2

X

false otherwise

Corollary 2 (Syntactically equivalent memories). For every bsp algorithm A and for every state 
`

X1, . . . , X p
˘

and 
`

Y 1, . . . , Y q
˘

in a 
computing phase, if E Xi “ EY j then �p�

ÝÑ
X

i , Y jq “ � jpA, ÝÑY q.

Proof (Sketch of). The proof is similar to [6] but is extended to tuples. Let Ỹ j be the structure obtained by replacing in 
UpY jq the elements appearing both in UpXiq and UpY jq by fresh values, and let Z j be the structure obtained by replacing 
in UpỸ jq the critical elements of Ỹ j by the critical elements of Xi . Because E Xi “ EY j , this operation is well-defined. So 
(Definition 6 p. 8, proof in [12]) Y j and Z j are isomorphic. Thus (second postulate) ÝÑZ “

`

Y 1, . . . , Z j, . . . , Y q
˘

, obtained by 
replacing Y j by Z j in ÝÑY , is a state.

Because ÝÑ
Y is in a computing phase (Lemma 3 p. 11) ÝÑ

Z is in a computation phase too. Xi and Z j have the same 
critical elements, so (Proposition 1 p. 11) we have �ipA, ÝÑX q “ � jpA, ÝÑZ q. Moreover (Lemma 7 p. 17) �p�

ÝÑ
X

i , Xiq “ �ipA, ÝÑX q

with Readp�
ÝÑX
i q Ď T pAq. Because Xi and Z j have the same critical elements they coincide over Readp�

ÝÑX
i q, so �p�

ÝÑX
i , Xiq “

�p�
ÝÑX
i , Z jq. Therefore �p�

ÝÑX
i , Z jq “ � jpA, ÝÑZ q.

Let ζ be an isomorphism between Y j and Z j , so ζ p�p�
ÝÑX
i , Y jqq “ �p�

ÝÑX
i , Z jq and (Lemma 6 p. 17) ζ p� jpA, ÝÑY qq “

� jpA, ÝÑZ q. Therefore ζ p�p�
ÝÑX , Y jqq “ ζ p� jpA, ÝÑY qq, and by applying ζ´1 on both sides �p�

ÝÑX , Y jq “ � jpA, ÝÑY q. l
i i
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Proposition 2 (BSP-ASMs capture computation phases). For every bsp algorithm A, there exists an asm program �A in normal form 
(see [6] or below) such that for every state ÝÑX in a computation phase: ÝÑ� p�A, ÝÑX q “ÝÑ� pA, ÝÑX q.

Proof (Sketch of). T pAq is finite (Postulate 3) so there exists n such that T pAq “ tt1, . . . , tnu. For every local memory X , E X

is an equivalence relation for the elements of T pAq, so there is at most c ď 2n relations E X . So there exists Y i1
1 , . . . , Y ic

c from 
states ÝÑY1, . . . , 

ÝÑ
Yc in a computing phase, such that for every local memory X from a state in a computing phase there exists 

one and only one 1 ď j ď c such that E X “ E
Y

i j
j

.

For every relation E
Y

i j
j

, let F j be the formula defined by:

F j
def
“

ľ

1ďk,
ďn

Ek
 where Ek
 “

#

ptk “ t
q if E
Y

i j
j

ptk, t
q is true

�ptk “ t
q otherwise

So F j is true in a local memory X if and only if E X “ E
Y

i j
j

. Let �1, . . . , �c be the asm programs obtained at the Lemma 7

p. 17 such that for every 1 ď j ď c, �p� j, Y
i j

j q “ �i j pA, ÝÑY j q. Let �A be the asm program:

if F1 then �1

else if F2 then �2

...

else if Fc then �c

endif . . . endif

Let ÝÑX “
`

X1, . . . , X p
˘

be a state in a computation phase, and 1 ď i ď p. There exists one and only one 1 ď j ď c such 
that E Xi “ E

Y
i j
j

, so F j is true in Xi and the other formulas are false, thus �p�A, Xiq “ �p� j, Xiq. Because E Xi “ E
Y

i j
j

, we have 

(Corollary 2 p. 17) �p� j, Xiq “ �ipA, ÝÑX q. Therefore, we proved for every 1 ď i ď p that �p�A , Xiq “ �ipA, ÝÑX q. l

In �A , for every local memory X from a state in a computing phase, one and only one of these formulas F1, . . . , Fc is
true: they are called guards. An asm program with this form, guards, and parallel blocks of updates �i (proof of Lemma 7
p. 17) producing distinct non-clashing sets of non-trivial updates, is said to be in normal form.

By using this proposition, we prove that the axiomatic presentation of algobsp and the operational presentation of asmbsp

define the same set of objects:

Theorem 1. algobsp “ asmbsp

Proof (Sketch of). The proof is made by mutual inclusion.
On the one hand, let A be the bsp algorithm pSpAq, IpAq, τAq. According to the fourth postulate, there exists compuA

and commA such that for every state ÝÑX :

τAp
ÝÑ
X q “

#

ÝÝÝÝÝÑcompuAp
ÝÑ
X q ifÝÝÝÝÝÑcompuAp

ÝÑ
X q ‰

ÝÑ
X

commAp
ÝÑ
X q otherwise

where ÝÝÝÝÝÑcompuA

`

X1, . . . , X p
˘

“
`

compuApX1q, . . . , compuApX pq
˘

. Then, we use the Proposition 2 to prove that:

τAp
ÝÑ
X q “

#

τ�A p
ÝÑ
X q if τ�A p

ÝÑ
X q ‰

ÝÑ
X

commAp
ÝÑ
X q otherwise

According to the Corollary 1, commA preserves the universes, the number of processors, and commutes with multi-
isomorphisms. And the other properties are immediately true according to the first three postulates. Thus, commA verifies 
the properties of the Definition 11 p. 15. Therefore A is a asmbsp machine.

On the other hand, let M be the asmbsp machine pSpMq, IpMq, τMq. By definition, there exists an asm program � and a 
function commM such that:

τMp
ÝÑ
X q “

#

τ�p
ÝÑ
X q if τ�p

ÝÑ
X q ‰

ÝÑ
X

commMp
ÝÑ
X q otherwise

We prove that M is a bsp algorithm by proving that it verifies the four postulates. The first postulate is straightforward. 
For the second, τ� preserves the universes and the number of processors, and (by using the Lemma 5 p. 17) τ� commutes 
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with multi-isomorphisms. For the third, T p�q “ ttrueu Y Read p�q Y Write p�q (Definition 10 p. 15) is an exploration 
witness for τ� so T pMq “ T p�q Y T pcommMq is for M . For the fourth, let compuMpXq “ X ‘ �p�, Xq for every local 
memory X . So τ�p

ÝÑ
X q “ÝÝÝÝÝÑcompuMp

ÝÑ
X q, and we have:

τMp
ÝÑ
X q “

#

ÝÝÝÝÝÝÑcompuMp
ÝÑ
X q ifÝÝÝÝÝÝÑcompuMp

ÝÑ
X q ‰

ÝÑ
X

commMp
ÝÑ
X q otherwise

Therefore M is a bsp algorithm. l

Corollary 3. Every asmbsp program has an equivalent normal form.

Proof. According to the previous theorem, an asmbsp is a bsp algorithm, and every bsp algorithm is captured by an asmbsp

with a program (Proposition 2 p. 18) in normal form. l

Thus, we will assume in the Subsection 3.3.2 p. 35 that the considered asm program will be in normal form. More 
discussions about the proofs could be find in q26-q28 p. 20 and about the overall methodology in q36-q40 p. 23.

Theorem 1 proves that the axiomatic presentation of algobsp and the operational presentation of asmbsp correspond to 
the same set of objects. We believe that our four postulates for algobsp are as simple as possible, and convincing, thus that 
we captured properly the bsp bridging model described in the Subsection 2.1.1 p. 4. Moreover, the asmbsp provides a model 
of computation for our formalization, even if we think that the imperative programming language presented p. 31 is more 
suited for algorithmic (costs, subclasses [13]) analysis.

Finally, it remains two more steps in order to claim that asmbsp objects are the actual bsp algorithms: (1) To ensure 
(SubSection 2.6 p. 24) that the duration corresponds to the standard bsp cost model and; (2) To provide (SubSection 2.7
p. 24) a constructive example of a non-trivial function of communication.

2.5. Questions and answers

Q20: Now that you have modeled the operational point of view, and before the following, you understand that we must be strongly 
convinced that your presentation is appropriate. asmbsp is introduced in the Definition 11 p. 15 as the asm programs satisfying the 
fourth postulate, but no syntactic classification or otherwise constructive criterion is given to distinguish those programs, from which 
the fourth postulate could have been proved. In that sense asmbsp is as axiomatic as the postulates and nothing is gained. So, your first 
theorem p. 18 is immediate and trivial.

The set of bsp algorithms is defined by the four postulates, not by programs. The set of the asmbsp machines are de-
fined by using a standard sequential asm program on every processor during the computation phases, and a communication 
function verifying some properties (including an exploration witness) during the communication phases. The proof of the 
first theorem has similarities with the proof of the sequential case, but the extension to the p-tuples requires many techni-
cal details, which are proved in our paper and are far from trivial. Moreover, the communication function is a distinct object 
from the asm program, and it has been abstracted for sake of generality. We prove indeed in the Subsection 2.7 p. 24 that 
our example of communication function for the read/write has an exploration witness, but this is only a particular case and 
our definition still require the hypothesis for the general case.

Q21: I think a sequential simulation of the sequence of supersteps seems sufficient. Why do you use a new model of computation asmbsp

instead of asms only? Indeed, each processor can be seen as a sequential asm. So, in order to simulate one step of a bsp algorithm using 
several processors, we could use pids to compute sequentially the next step for each processor with a single asm.

For a program � of an asmbsp machine, you are thinking of generating a asm-like sequential program as:

(* repeat these statements as long as there are no changes *)

Y :“ X;
forall i in1...p do �pXrisq;
if X “ Y then X :“ commpXq;

where Y and X are p-tuples.

Q22: Yes, where �pXrisq is the execution of � at processor i.

This kind of simulation has been studied by the second author in [34] (with appropriate invariants and pre/post-conditions 
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in order to manage the bsp computations as a common sequential computation) but in the context of proving the correct-
ness of bsp programs not the algorithmic completeness.

Even if such a simulation exists between these models, a “sequentialization” (each processor, one after the other) of the
bsp model of execution cannot be exactly the function of transition of the postulates: adding p in the exploration witness 
in order to remain with only bounded local changes of the states, whatever the initial states (and thus whatever the number 
of processors) is not sufficient; Indeed, that induces p to be a constant for the algorithm. In our work, p is only fixed for 
each execution (at the beginning, in an initial state), making the approach more general when modeling algorithms, and 
obtaining the notion of immortal algorithms. Thus, using a sequentialization forces that any computation done in parallel is 
executed p times, which changes the bsp costs. Moreover, this would contradict the algorithmic simulation, that will define 
in the next section.

Q23: OK, but your Definition 11 p. 15 of the asmbsp uses a single program for every processor, but according to [17], only one asm 
program using “parallel forall” constructs is necessary to model the parallel algorithms. You could apply it to simplify your characteri-
zation of the bsp algorithms.

We could, but this would violate the bounded exploration postulate. Actually, they have a less restricted version of the 
postulate. In [17] they use not only ground terms but also multiset comprehension terms, and access terms in [18]. We 
are thinking that it is not better to do as much (model the bsp algorithms) with more (terms in the exploration witness). 
Actually, our approach does not require their metafinite model theory. Ours witness contain ground terms only.

Q24: Why such a limitation?

Because exploration witnesses of [6] are sufficient to bound the local computations of the processors.

Q25: But, as stated in your second postulate, states are p-tuples of processors, so how do you handle manipulation on tuples or multi-
sets?

We do not have to. In our approach, tuples are manipulated by the operational semantics of asmbsp , not internally by 
the processors themselves. Therefore, we do not need to assume constructors and operations on tuples or multisets, nor 
raise functions in an ad-hoc “background postulate” [17].

Q26: OK, but in order to define the semantics of asm programs and to prove Proposition 2 p. 18, you need boolean constructors and 
operations. This could have been stated in a background postulate.

Indeed, but we wanted to stick to the presentation of [6], therefore we assumed the boolean data structure not in a 
postulate but after Definition 3 p. 7.

Q27: Fine. But could you explain why this is so important to verify the bounded exploration postulate from the sequential algorithms 
in a parallel computation framework?

Every processor can be seen as a sequential machine (even if it communicates with others), therefore each processor indi-
vidually should (intuitively) verify the sequential bounded exploration postulate. In particular, a shared memory approach 
seems to us either unrealistic or too restricted.

Q28: Can you elaborate on that?

If the shared memory does not depend on the number of processors, that would imply that (for implementation pur-
pose) the same device should be used to manage communications between an unbounded number of processors. Therefore, 
a finite volume should contain an unbounded amount of information, which seems unrealistic. Therefore, we think a shared 
memory can be used only for a bounded number of processors, which is too restricted to model the parallel algorithms. 
Our approach of distributed (bsp) algorithms can handle any number of processors. Locally, every processor can be seen as 
a sequential machine, and the data are spread globally amongst them.

Q29: So your model is not accurate for multi-cores machines?

bsp is a bridging model so it aims to work on most relevant kind of machines. Shared memory machines could also be 
used in a way such that each processor only accesses a sub-part of the shared memory (which is then “private”) and com-
munications could be performed using a dedicated part of the memory. But, our model is independant to this potential limit 
of processors (which could be needed for some algorithms working on such machines). This is more an implementation 
issue.
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Q30: Back to the modified exploration witnesses of [17]. They can take into account “parallel loop” and they obtain models for pram 
and mapreduce... And their results are also independent of “p”!

In our work, we use the sequence of supersteps of the bsp bridging model to simplify the approach (we thus have not 
concurrent accesses to a shared memory). Even if the number of processors is unbounded, we assume that every processor 
works in small steps. Instead of defining a state of an execution by a meta-finite structure [17] (even if their use is mainly 
technical, they are needed for the definitions and proofs), we assume that a state is a p-tuple of structures. Instead of 
using a global program with “forall” commands [17], every processor runs its local program with “par” commands. Instead 
of relaxing the third postulate of [6], we assume it for every p-tuple of processors. We think that this approach leads to 
a simpler presentation of bsp algorithms, using only ground terms and tuples of common structures.20 Again, if we used 
their exploration witnesses directly, we would have to introduce an artificial and uncommon limitation of [15,17] instead 
of having a natural extension of [6]. Adding the artificial limitations is more an implementation rather than a specification. 
We would not get the class of bsp algorithms at their right level of abstraction. And we want in future work to extend our 
postulates to take into account more complicated bridging models (bottom up strategy). And thus, the artificial limitations 
could be more and more complex. For instance, the multi-bsp bridging model, with its tree of nested machines, is already 
complicated enough without adding an extra layer of difficulty.

Notice that the second example of [17] is a pram machine simulation (with a succession of computations then commu-
nications). There is still a last drawback: their asms used an implicit shared memory (a shared structure) which is irrelevant 
for hpc computations. This flaw of the pram model was already criticized in [20]. Their third example is mapreduce (which 
is very close to bsp in their implementation) [2] which uses again a single shared structure.

Q31: So you admit that your model is fully distributed and that you have a set of sequential machines. So let us continue with related 
works. We can imagine that a distributed machine is defined as a set of pairs pa, �aq where a is the name of the machine/agent [39]
and �a a sequential asm. Reading your definition, I see only one � and not “p” processing units as in the bsp model.

We can found such an approach in [37] (with postulates). But using only a finite number of agents makes impossible 
to reason for any p (we insist again on immortal algorithms) and so we do not want such an arbitrary choice.

Q32: But reading the work of [15,32,40] and even more recently in [16], there is not such a limitation! Their work thus allows to 
model distributed machines with direct (and concurrent) read/write of terms in [15] or using point-to-point primitives with buffers 
and queues of messages “à la mpi”. That looks like the most general definition. Why not directly use their definitions in order to get the 
class of bsp algorithms?

We want to clarify one thing. The asm thesis comes from the fact that sequential algorithms work in small steps, that 
is steps of bounded complexity. But the number of processors (computing units) is unbounded for distributed/parallel al-
gorithms, which motivated the work of [19] to define distributed algorithms with wide steps, that is steps of unbounded 
complexity. Hence the technicality of the presentation, and the unconvincing attempts to capture distributed algorithms 
[15]. A first attempt to simplify this work has been done in [18] and in [15,16].

And so you are absolutely right, our model is surely a kind of subclass of their works. But not completely. Our charac-
terization (model) is largely different.

Firstly, we do not model a bsp computer, our work is about bsp algorithms (the right part of Fig. 2 p. 4). The asmbsp

program contains the algorithm “code” which is applied on each processor. These are the postulates (axiomatic point of 
view) that characterize the class of bsp algorithms rather than a set of abstract machines (operational point of view). That 
is closer to the original approach of [6]. Notice that our exploration witness persists to be a finite set and thus, whatever p, 
only a bound number of symbol can be modified, which induces that some symbols are shared by the processors (but with 
different values on each Xi ).

Secondly, the realism of using an infinite set of asms [15] is debatable for a bridging model such that bsp. But here is the 
remaining issue for our purpose. We recall that we want to define the class of bsp algorithms and to prove that an imper-
ative bsp language is sufficient to program all the bsp algorithms with the right bsp cost. We could realize (or implement) 
a bsp algorithm as this set of communicating agents (with point-to-point primitives; they use sequential witnesses for the 
local machines/agents) and the bsp patterns would be simulated by these primitives and by adding, at the end, a synchro-
nization algorithm of all the agents. But we would have a complex implementation rather than a simple characterization (at 
the right level of abstraction).

Q33: Complex! Are you sure?

Not at one hundred percent. But the works of [15,16] remains complex because they have to manage what is call the 

20 Which postulates are the simpler is always debatable but ours are “realistic” because they only use the intuitive notion of multi-isomorphism. We 
conjecture that our approach can be generalized to a broader class of bridging models [33,41], which we will investigate in future work.
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“sequentially consistent” (again interleaving and concurrent accesses). They thus define A-run, a function which selects the 
agents/asms that can perform moves (computations or communications) and the initial state for each of the agents. And 
this, at each step of the algorithm’s A-execution (using a kind of partial order). Thus, to prove that another model (e.g. a 
programming language) is equivalent to this axiomatization, it would be necessary to manage most of these constraints in 
order to do the proofs, which seems unnecessarily complicated. Moreover, the implementation (as an extra layer of code) 
would make surely complex the bsp cost analysis. We insist on the fact that our characterization is still limited to bsp, and, 
of course, if you want the most general possible characterization, you must take the more complex one of [15].

Q34: Are there other differences? Your work remains different to their approach widely accepted and used by other researchers...

Our model is still limited by assuming a unique program � and thus a single exploration witness. This code is the bsp

algorithm instead of having potential different programs on the processes. We take up the fact that agents (processors) 
share the same finite signature. We use a set of simple p-tuples while they use a set of agents (each using a set of initial 
states). We abstract the communications while they sometime use an explicit network topology (a direct graph [16]). They 
need a partial order, the A-runs and A-executions. These complex constructions are not required in our model because we 
assume that the initial states are p-tuples which thus contain the initial data and p, the number of processors (and the 
other bsp parameters).

Q35: A different one, surely, but that your model is simpler is still to be debated.

We can argue that, according to Lemma p. 11, a bsp algorithm with only one processor is a sequential algorithm. There-
fore, our presentation can be seen as an extension of [6], unlike the usual presentations for parallel algorithms [17] or of 
distributed algorithms [16] that require more complicated terms for the exploration witness or more restricted constructors 
(e.g. the A-runs).

Q36: Is another model possible to characterize the bsp algorithms?

Sure. This can be more useful for proving some properties. But that would be the same set, with another way to describe 
it.

Q37: OK, but with only a single code, can you have all the bsp algorithms?

We follow [35] about the difference between a parallel composition of sequential actions (par of seq) and a sequential 
composition of parallel actions (seq of par). Our asmbsp is seq(par). This leads to a macroscopic point of view21 which is 
close to a specification. Being a seq(par) model allows a high level description of the bsp algorithms. In the next section, 
we will define the operational semantics of an imperative programming language (the practice versus the theoretical idea 
of an algorithm) which is par(seq). In general par(seq) is the implementation of a seq(par) language, so in that sense, our 
� program is the bsp algorithm.

Q38: So, why are you limited to spmd computations?

Different codes can be run by the processors by using conditionals on the “id” of the processors. For instance “if pid=0 
then code1 else code2” for running “code1” (e.g. master part) only on processor 0. Again, we are not limited to spmd

computations. The asm program � fully contains the bsp algorithm, that is all the “actions” that can be performed by any
processors, not necessarily the same instructions: each processor picks the needed instruction to execute but they could 
be completely different. Only the size of � is finite due to the exploration witness. For instance, it is impossible to have 
a number of conditionals in � that depends of p. Indeed, according to Proposition 1, during a computation phase, if two 
processors coincide over the exploration witness, then they will use the same code. And according to the third Postulate, the 
exploration witness is bounded. So, there exists only a bounded number c of possible subroutines during the computation 
phase, even if p ąą c.

Moreover, the processors may not know their own ids and that our p-tuples are not ordered; we never use such a 
property: processors are organized like a set and we use tuples only for convenience of notation. We use p-tuples only to 
add the bsp execution model in the original postulates of [6].

Q39: OK, but I cannot get the interleaving of computations. Your model of “distributed asm” seems very synchronous! I mean, when 
defining the operational semantics of a concurrent language (or process calculus), the rules are applied one after the other, leading to 

21 Take for instance a bsp sorting algorithm: first all the processors locally sort their own data, and then they perform some exchanges in order to have 
the elements sorted between them. This can be defined as a sequence of parallel actions, which is also independent of the number of processors.
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the interleaving of computations.

The bsp model makes the hypothesis that the processors are homogeneous (uniform). So if one processor can perform 
one step of the algorithm, there is no reason to lock it just to highlight an interleaving. And if there is nothing to do, it does 
nothing until the phase of communication. Our execution model is thus largely “massively parallel” during the computation 
phases.

Q40: But that is not realistic!

Indeed. But our work is not an implementation of a bsp machine, it is about bsp algorithms (right part of the Fig. 2
p. 4). For us, a bsp algorithm is an “idea” of how to compute (in a bsp manner) to get a result, not a juxtaposition of ma-
chines. Obtain a correctness result about an mpi implantation of a bsp library (e.g. bsplib) on a physical distributed machine 
(e.g. a cluster) is an interesting work but is not the purpose of this paper.

Q41: Now speaking about the communication, why apply several times the function of communication? When designing a bsp algo-
rithm, I use once a specific routine (such as collective operations).

As long as the exploration witness for the communication function is preserved, collective operations are possible. For 
instance, one broadcast operation in one step will be allowed, but it will not be allowed for a processor to receive an 
unbounded number of messages in one step of communication. But this behavior can nevertheless be simulated in several 
communication steps, i.e. a communication phase. For instance, collective operations can be simulated by a more elemen-
tary sequence of point-to-point communications (the bsp 1-relation). asm is like a turing machine: the exploration witness 
prevents it from performing all the communications in a single step. Our example of function of communication p. 24 per-
forms exchanges until there are no more to be done. For instance, if the collective operation is a reduce(x) (for simplicity, 
with a specific operator + such as the string concatenation) then we could add these kinds of instructions: “buffer:=re-
duce(buffer,x,y)” to compute the reduce of “x” in “y”. If the communications were made in a single step then there will 
be possibly 

řp
i“1 xi values on processors which is a unbound size of data that cannot be communicated in a single step 

without using magic devices (hardwares). By forcing (because of the exploration witness of the function of communication) 
that the data be transmitted one by one, we also preserve the bsp model of h-relations (SubSection 2.7 p. 24). But, in this 
example, reduce can perform an unbounded amount of work (p times “+” for any p) and thus does not correspond to a 
bounded (finite) number of read or written terms.

Q42: So common bsp patterns of communications (e.g. bsplib primitives) are impossible?

They are possible but they should be done step-by-step. We show in SubSection 2.7 p. 24 how to do this and how to 
get an exploration witness for algorithms using such elementary primitives. This is a little bit technical but keep in mind 
that our main goal is the algorithmic completeness of (common) imperative programming languages with bsp primitives, 
not to stay in the asm framework.

Q43: And what happens in case of runtime errors during communications?

Typically, when one processor has a bigger number of supersteps than other processors, or when there is an out-of-bound 
sending or reading, or too much data to communicated (if necessary such as in mpi), it leads to a runtime error. The bsp

function of communication can return a undef. That causes a stop of the operational semantics of the asmbsp .

Q44: And for random reading of messages such as in the bsplib?

We can say that such structures are typically heaps of messages. Random algorithms have also been studied in the asm

framework [27]: two executions, within the same environment, will lead to identical results. For determinism, adding the 
environments is a tricky, but not elegant, solution. Otherwise, truly formally studying randomized algorithms is a hard task 
(even for sequential computing) which is only in its infancy and is not relevant to this article.

Q45: About structured parallelism. Is there other works on this subject?

In [38], authors model the p3l set of skeletons.22 That allows the analysis of p3l programs using standard asm tools. Data-
parallel skeletons are close to the bsp model (thinking of the mapreduce framework [42]) but they are not as expressive 
and could induce asynchronous computations, so their cost model is not as well-established as the bsp one (nevertheless, 
skeletons are very useful for many parallel application).

22 Parallel skeletons [4] is a paradigm where the programmer uses a set of patterns (the skeletons) in order to get a parallel execution of its algorithm.
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Q46: And what about task parallelism and load-balancing of threads such as in [29]?

Our asmbsp language does not directly provide such routines. But they can be simulated (hardly, we know it). Anyway, 
this is more a programming problem (or a architectural problem, for example, for a cloud framework) than formally defin-
ing bsp algorithms.

Q47: You speak regularly of the bsp’s costs notably for bsp algorithms but can you truly analyze them by using the asm framework? 
Assuming any elementary primitives is perhaps too abstract for such a study.

There are many papers about the cost analysis of programs (e.g. worst case execution time, wcet) and their complex-
ity. They are less for asm [43] for the reason that you are pointing at and on the fact that pure asms do not really structure 
codes (no sequence, only a single loop) as one would expect for algorithms. This is also why we prefer to use asms as in-
termediary objects from programs to algorithms. Let us explain our result about bsp costs and our realization of a function 
of communication.

2.6. Cost model property

We now show the link between the duration of an asmbsp execution and the cost of a bsp algorithm A.
If the execution begins with a communication, we assume that no computation is done for the first superstep. We 

remind that a state ÝÑXt is in a computation phase if there exists 1 ď i ď p such that compuApXi
t q ‰ Xi

t . The computation 
for every processor is done in parallel, step by step, and these steps are done simultaneously. By definition of the fourth 
postulate, when a processor has finished its computations it waits for the other processors, and the communication phase 
can only begin when all the processors have finished their computations. So, the cost in time of the computation phase is 
w def

“ max1ďiďp pwiq, where wi is the number of steps done by the processor i (on local memory Xi ) during the considered 
superstep.

Then the state is in a communication phase, when the messages between the processors are sent and received. Notice 
that commA may require several steps in order to communicate the messages, which contrasts with the usual approach in
bsp where the communication actions of a superstep are considered as one unit. But this approach would violate the third 
postulate, so we had to consider a step-by-step communication approach, then consider these communication steps as one 
communication phase.

We assume that the data are communicable in time g for an exchange (a 1-relation, see the bsp model p. 4) at each step 
(each call of the transition function τA ) of commA . So, during the superstep, the communication phase requires h ̂ g steps, 
where h is the number of exchanges (or 1-relation):

Lemma 8 (Order of exchanges). For every h-relation there exists a sequence of exchanges requiring at most h exchanges.

Proof (Sketch of). A proof by induction (on the number of messages) could be made (step-by-steps and this sequence is 
costly to compute, one is presented in [44]) but pattern of exchanges like the well known Latin square (use in the tcp/ip
implementation of the bsplib) or routing in specific networks could also be used as correct algorithms and for finding the 
sequence of exchanges. l

It remains to add the cost of the barrier (initialization of the network, synchronization of the processors and assurance 
that every message has been received) which is assumed in the usual bsp model to be a constant L. Therefore, we obtained 
a cost property which is sound with the standard bsp cost model:

Proposition 3 (Cost model for the BSP-ASMs). asmbsp has the same cost model as the standard bsp bridging model.

2.7. A realization of the communication function, and its exploration witness

Our previous result is only valid up to elementary functions and especially the commM one, which raises the question 
whether such a non trivial function exists.23 We now describe how such a communication function should be done in the
asm context, and how to construct the needed exploration witness.

Such a function is rather naive since only point-to-point exchangings of a single data are considered. We also assume the 
function makes messages traveling on the “network” but we dot not describe such an object. Messages are sent letter by 
letter: it is the sequence of steps of commM that perform the h-relation. If the network can send blocks of data or broadcast 

23 Notice that we do not prove an implementation of a commM function using low level primitives such that the ones of mpi: it is an interesting but 
orthogonal work; it is closer to semantically correct implementation of a bsp machine and thus takes part in the left part of Fig. 2 p. 4. For such a work, 
we believe that using machine-correct proofs is profitable (e.g. with the coq proof assistant, https://coq .inria .fr/).

https://coq.inria.fr/
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messages and thus involve more than two processors, a more efficient (but much more complicated) function can be given. 
But our function is sufficient because it involves the expected bsp cost for the traditional bsp programming primitives (the 
h-relation is preserved).

2.7.1. Generalities
We need the communication function to preserves the universes and the number of processors, and commutes with 

multi-isomorphisms. This condition will be met because, as we will see in the following, the communication function will 
manage the communications between processors by using a syntactical process. We need also to construct an exploration 
witness,24 which is a bit technical. The main ideas are:

• The messages are sent letter by letter; the representation gives the formal size of the communicated values;
• The communications use two buffers: (1) IdMsg, to store the order of communication during a computation phase and 

(2) Msg, for the sending of the messages during a communication phase;
• If we assume that every processor can send or receive at most one message during an “exchange” (or 1-relation, see 

SubSection 2.1.2 p. 5), then the h-relation requires exactly h exchanges.

We want also to ensure that the local memories are only updated at the end of the communication phase. Indeed, in 
a state ÝÑX during the communication phase, if a local memory is updated we may have τ�p

ÝÑ
X q ‰ÝÑX , so the computation 

phase may begin even if the communication phase is not completed. That would not fit the bsp model of execution. We 
could also use a boolean bcomm which is true during the communication phase, and such that the computation phase can 
begin only if bcomm becomes false. In that case, bcomm should be added to the exploration witness of the communication 
function.

In this section, we use the standard bsplib’s drma primitives bsp_get and bsp_put only. We briefly recall how their 
work and we rename them read and write afterwards. Direct point-to-point sending of values as well as collective primitives 
have not been considered. They can be implemented but with a much more complicated presentation. Our purpose here is 
to prove the achievability of such a function of communication, not to find an efficient/correct one.

2.7.2. BSPlib’s DRMA primitives
The bsplib [23] is a c library of communication routines. It offers routines for both message passing and drma primitives. 

We can also query some information about the machine: int bsp_nprocs() returns the number of processors p and 
int bsp_pid() returns the processor identifier which belongs to 0, ..., p ́ 1. The barrier and all the communication are 
done using void bsp_sync() which blocks the node until all other nodes have called bsp_sync and all messages have 
been received.

The two main drma routines operations are: (1) void bsp_get(int pid,const void *src,int offset, 
void *dst,int nbytes) stands for distant reading access; it copies n bytes to the local memory address dst from the 
variable src at offset of the remote processor pid; (2) void bsp_put(int pid,const void *src,void *dst, 
int offset, int nbytes) stands for distant writing access; it copies n bytes from local memory src to dst at 
offset on remote processor pid.

For our asm, reading and writing are not on buffers of bytes (memory area as in the c language) but on variables. For 
instance, in an asmbsp we can use the command writepx, j, yq, which is syntactic sugar for IdMsg :“ IdMsgYtppid, x, j, yqu, 
that stores in the buffer IdMsg the order to send the value of x from the current processor to processor j in the variable y. 
More generally, IdMsg contains the identifiers pi, x, j, yq of the messages, where i is the identifier of the sending processor, 
x the read location, j the identifier of the receiving processor, and y the written location. In the same way, a command 
(again, with syntactic sugar) readpx, j, yq of � will be interpreted in the processor Xi by p j, y, i, xq and added to the buffer 
IdMsg

Xi

. For each processor, commM just move one message (if exists) from one buffer to another one of another processor 
and performs the appropriate update (described below). Finally, a sequence of commM functions correspond to a call of the
bsplib’s bsp_sync.

2.7.3. Serialization and characterization of terms
The representation θa of an element a in the local memory X is the unique term formed only by constructors (see p. 7) 

such that θa
X
“ a. For instance, the representation of 314 as a decimal number is 31410, and its representation as a binary 

number is 1001110102. Because a letter is not itself a term, for convenience we will add to the language LpMq a constant 
symbol f for every symbol f PLpMq, interpreted by f

Xi

“ f .

Definition 12 (Sequentialization). If θ is a term, let 
�

θ be the sequence of the letters used to write it in the prefix notation. 
The sequentialization of a term θ , noted 

�

θ is the same sequence but with the use of constant symbols f .

24 This will not be necessary for other bsp libraries if their programs can be simulated using the bsplib which is the case, to our knowledge, for most of 
them.
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For instance, if f is a binary symbol, g is a unary symbol, and a and b are constants, then the sequence of letters of the 
term θ“ f p f pb, gpaqq, gp f pa, bqqq is 

�

θ“p f , f , b, g, a, g, f , a, bq. So, its sequentialization is 
�

θ“p f , f , b, g, a, g, f , a, bq.
Therefore, a ÞÑ

�

θa is the implementation in our framework of the serialization function (e.g. java’s toString method). 
We assume that every value which can be communicated must be serializable, which is already given because we assumed 
that every element must be representable. In order to assign a size to terms, we can use this serialization.

The weight, noted w p f q, of a symbol f with arity α p f q is defined by w p f q
def
“ 1 ́ α p f q. Because for every symbol f

we have α p f q ě 0, notice that w p f q ď 1. The weight of a word f1 . . . f
 of length 
 is defined by: w p f1 . . . f
q
def
“

ř

i“1 w p f iq. 

If 1 ď i ď 
, the word f i . . . f
 is called a suffix of the word f1 . . . f
 .

Lemma 9 (Characterization of a term). The word f1 . . . f
 is a term if and only if w p f1 . . . f
q “ 1 and for every suffix f i . . . f
 , 
w p f i . . . f
q ě 1.

Proof (Sketch of). The implication is proved by induction on the term θ , and the converse by induction on the length of 
the word f1 . . . f
 . If f1 . . . f
 is the empty word, then 
 “ 0 and w p f1 . . . f
q “

ř

i“1 w p f iq “ 0. So, because the empty word 

is not a term, the equivalence holds in that case too. l

2.7.4. A function of communication à la BSPlib in the ASM framework
We recall that we want to find the exploration witness for every program using bsplib-like drma primitives. So, a 

message from a processor i to a processor j will be sent letter by letter. At the end of the computation phase these 
identifiers are mixed together in three steps: (1) For every processors Xi and Xk (with k ‰ i), the communication function 
moves all pi, x, j, yq from IdMsg

Xk

to IdMsg
Xi

; (2) For every processor Xi , the communication function replaces Msg
Xi

by the 
set tp 

�

θ
xXi , j, yq | pi, x, j, yq P IdMsg

Xi

u; (3) For every processor Xi , the communication function replaces IdMsg
Xi

by the empty 
set. Notice that the last two steps are purely local.

Then the processor Xi “sends” the message letter by letter to the processor X j . Using our asmbsp , it is only a “copy” from 
the structure Xi to X j . If the message were reconstructed on X j only at the end of the communication phase, then the 
term θ itself would be necessary, and the exploration witness could not be bounded. Instead, the value is also reconstructed 
step by step each time a letter is received.

For instance, to reconstruct the term θ “ f p f pb, gpaqq, gp f pa, bqqq, the processor Xi sends 
�

θ“p f , f , b, g, a, g, f , a, bq
one letter at a time from the end to the beginning, and the processor X j reconstructs θ by using the following updates:

b received ñ x1 :“ b

a received ñ x2 :“ a

f received ñ x1 :“ f px2, x1q

g received ñ x1 :“ gpx1q

a received ñ x2 :“ a

g received ñ x2 :“ gpx2q

b received ñ x3 :“ b

f received ñ x2 :“ f px3, x2q

f received ñ x1 :“ f px2, x1q

At the end, we got x1 “ f p f pb, gpaqq, gp f pa, bqqq.
Firstly, notice that the number of variables used that way cannot be bounded. For instance, the term f p. . . f pan`1, anq . . . ,

a1q requires n ̀ 1 variables. So, instead of a variable “xnArg”, we will use a unary symbol RcvValpnArgq. We thus need to 
specify how the index nArg evolves. We set nArg

Xi

“0 for every local memory at the beginning of a communication phase. 
Then, each time a symbol f is received, nArg is updated by nArg :“ nArg`w p f q, where w p f q is the weight of the symbol 
f . The weight of a word is the sum of the weight of its letters. We get that nArgě 1 during the communication phase, and 
that for every term θ we have w pθq“1. Therefore, at the end of the communication phase, nArg is the number of terms 
received.

Secondly, the letters may be received for different locations. In fact, a letter f cannot be sent alone, the location p j, yq
should be made explicit. Therefore, the messages traveling on the “network” have the form p f , j, yq, and the symbols RcvVal
and nArg should also depend on the location. So, in fact, RcvVal is a binary symbol, and nArg is a unary symbol.

If WriteCommp�q “ ty1, . . . , yku is the set of the variables written in � by communication primitives, then the locations 
are y1, . . . , yk . So, in our example, each time the processor X j receive a message pc, j, yq where c is a constant symbol, the 
following update is made:
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par

nArgpyq :“ nArgpyq ` 1

} RcvVal
´

y,nArgpyq ` 1
¯

:“ c

endpar

And each time the processor X j receive a message p f , j, yq where α p f q ě 1 the following update is made:

par

nArgpyq :“ nArgpyq ` 1´ α
´

f
¯

}RcvVal
´

y,nArgpyq ` 1´ α
´

f
¯¯

:“ f

¨

˝

RcvVal
´

y,nArgpyq
¯

, . . . ,

RcvVal
´

y,nArgpyq ` 1´ α
´

f
¯¯

˛

‚

endpar

Therefore, at the end of the communication phase, nArgpyq is the number of terms received at the location y. if nArgpyq “ 0
the variable y does not require to be updated. If nArgpyq ě 2, more than one term have been received, so there might be a 
conflict. In that case, we assume that the variable y should not be updated.25 So, at the end of the communication phase 
(the synchronization), the following updates are made for the variables y1, . . . , yk PWriteCommp�q:

par

if nArgpy1q “ 1 then y1 :“ RcvVal
´

y1,1
¯

}
...

} if nArgpykq “ 1 then yk :“ RcvVal
´

yk,1
¯

endpar

Therefore, in our example with the communication primitives read and write, the exploration witness T pcommMq of the 
communication function is the closure by subterms of:

ď

yPWriteCommp�q

ď

f PLpMq
Y

αp f q“0

!

f ,RcvVal
´

y,nArgpyq ` 1
¯)

Y
αp f qě1

!

f
´

RcvVal
´

y,nArgpyq
¯

, . . . ,RcvVal
´

y,nArgpyq ` 1´ α
´

f
¯¯¯)

Y

!

true,nArgpyq “ 1, y,RcvVal
´

y,1
¯)

So, because WriteCommp�q and LpMq are finite, we have that T pcommMq is finite too.

Proposition 4 (Communication “à la BSPlib”). A function of communication with primitives for distant readings/writings (drma) “à la
bsplib” can be constructed using asmbsp , with its exploration witness. It performs an h-relation at cost g ̂ h and endings the superstep 
at cost L.

This is possible using Lemma 8 p. 24. Notice that we did not specify how RcvVal is emptied at the beginning of the next 
communication phase. These are details which are left to the implementation and depend on the chosen data structure (we 
are still working up to elementary functions). We also not truly force an order of exchanges which would make the presen-
tation even more complicated. In our example the latency L of the barrier includes, at the end of the communication phase, 
the assurance that every message has been received. The bandwidth g includes, at the beginning of the communication 
phase, the preparation of the messages themselves by a kind of serialization and, at the end of the communication phase, 
the update in the distant memories by the received messages (deserialization).

Notice that proving that an order of exchanges exists (Lemma 8) does not mean that the communication function can 
compute it efficiently. The communication function may perform a Latin square, or something more elaborate as in the 
implementation of the bsplib on some architectures [22]. But this is taken care of L which is, in the bsp model, the cost 
required to perform the barrier (synchronize the processors and managing the network that is the latency). In our realization 

25 This decision may be problematic if the same value has been sent several times, but we will not consider this problem here but a solution could be to 
distinguish them by using a counter (or tags).
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of the function of communication, we did not want to force an order of exchanges because this would have made the 
presentation even more complicated.

Even if serialization is an internal calculation for the function (and so it counts in g only) as well as emptied the buffers 
of communication (in L only), one may argue that the fourth postulate allows the communication function to perform 
computations. To partially avoid it, we can assume that the terms in the exploration witness T pMq can be separated between 
T p�q and T pcommM q such that T p�q is for the states in a computation phase, and that for every update p f , 

�

a, bq of a 
processor Xi in a communication phase, either there exists a term θ P T pcommM q such that b “ θ

Xi

, or there exists a variable 
v P T p�q and a processor X j such that b “ θ

v X j
Xi

. To do a computation, a term like x ̀ 1 is required, so the restriction to a 
variable prevents the computations of the terms in T p�q. Of course, the last communication step should be able to write in 
T p�q, and the final result should be also read in T p�q.

2.8. Questions and answers

Q48: Can I trust your realization of SubSection 2.7? Is it truly the bsp’s drma routines?

Sorry to say we do not have the proof (there are possible flaws). To do such a proof, we must have a formal specifica-
tion of these routines (such as a formal operational semantics) and, this specification must be accepted as valid by the 
community. Then we can “prove” that our realization is correct with respect to this specification. Otherwise, we would have 
just proven that our realization is correct with respect to our own specification, which amounts to say that our realization is 
a specification. Our realization is just an example of a function of communication of usual bsp routines and how to construct 
the exploration witness. Since it is unrealistic to want to run an asmbsp , it is not important that the function contains flaws, 
just that it is constructive. A much more interesting proof would be a machine-checked (with the coq system) correct mpi

implementation of the bsplib communications for a mainstream programming language such as c or java.

Q49: Is it why no mention is made of the bsplib’s registration routines “bsp_push” and “bsp_pop” in your realization?

Indeed, adding such routines uselessly complicates the formalization for our purpose. For example, what happen when 
a distant variable is reading and, during the same phase of communication, deregistrating? That slightly differs of which
bsp library is used [34].

Q50: But, I do not see the common “bsp_sync()” in your realization, instead there is an uncommon sequence of a single communica-
tion function...

As explained previously, we could transform this “sync” in a loop such as “while bcomm do comm done”. Using a sin-
gle “sync” (which performs all the communications) is impossible in our model because it will break the exploration 
witness which ensures that the maximal number of symbols communicated per processor is finite during all the executions 
(the machines can cause only a bounded local change on the states). If such a “sync” had existed then we would have 
an elementary primitive capable of exchanging in a single step an unbounded number of information (since it would be 
independent of the number of processors). This is impossible because asms work step-by-step and with bound primitives 
only (so the exploration witness). So our realization works one bsp’s 1-relation at a time. This is not realistic in practice but 
sufficient to show its existence in a constructive way.

Q51: When you defined informally the bsp algorithms in Section 2.1 p. 4, you said that during a computation phase the units “request
data transfers to other units”, not to communicate anything...

The requests can be used to perform load-balancing, i/o operations and many other “data transfer” that the bsplib can 
not do. Thus we have abstracted the function of communication and let the user choose the one that suits its need (with 
related elementary functions, seen as oracular). To be constructive, we provided a realization of the bsplib’s drma routines 
p. 24. Moreover, if the function of communication also performs some “computations” to manage the messages, it is as the 
management of datagrams in a network protocol.

Q52: In that case, why is commM not able to compute, for example, the output of the algorithm? Which part of the condition forbids 
this?

Its exploration witness, which ensures that the computations are performed step by step. Moreover, as in our example, 
we can separate the computations performed by the communication function from those of the processors.

Q53: I think such drma primitives can be implemented in one step commM if we introduce arrays in the universe of a state. The explo-
ration witness is still finite because all messages are stored in one array associated to one (special) symbol (with the needed primitives 
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to extract values from an array).

Actually, this has been investigated in the thesis of the first author. An array with an unbounded length is not a term, 
as opposed to the term(s) needed to implement an array with a fixed length. So, a fixed-size array can be sent by our com-
munication function. In our example, we constructed a letter-by-letter communication function, but by sending messages 
of size n you can divide the number of required exchanges by n. But this n is a constant, so this will not really change the 
cost model for the communications.

Q54: Speaking about the cost model, when reading your realization, I think you do not count all the moves of the identifiers p j, y, i, xqs 
made by readpy, i, xqs from processor X j to Xi (for any i and j ‰ i). So is the cost of computing and performing the h-relation of your 
function rather in O phq?

A message identifier is a message, so is already included in the h-relation. It is used to trigger the sending of the as-
sociated value (term) and therefore force a processor to throw communications. The preparation step (1) does not have to 
be proportional in h, for instance cˆ h, to be added to the cost g ̂ h of transmitting the messages letter by letter, in order 
to obtain pc ` gq ̂ h, thus including the cost of the preparation in g. The sending of the message identifiers are already 
included in h [21]. We did not detail this part because usually the message identifiers are seen as negligible, because their 
size is very small compared to the messages transmitted by truly values of bsp programs and negligible in the cost analysis 
of bsp algorithms [21].

Q55: You say that the function of communication can force processors to throw new communications or worse computations. Is that a 
flaw or a strange feature?

That is possible since the function of communication “has the hand” to the whole memory. And it is a desired feature 
for the distant readings (drma) because processors received the identifiers and then send the appropriate values. All these 
messages are part of the h-relation (even if some of them are negligible in practice). In a different kind of way, for the com-
putation case of some bsp algorithms (such as the pregel-like ones [26], i.e. on graphs), the amount of data is distributed 
across the memories and thus some processors could have terminated their local computations (voting to “halt” [26]) and 
have no new message to send, but, it is not the global termination since possibly at least one processor can send new data 
to other processors thus relaunching the overall computation.

Q56: So how are evaluated g and the h-relation? I mean you are sending both letters and identifiers.

g depends of many architectural parameters. In c, on a beowulf cluster, you need also to take into account how data 
are buffered into a network card. For java, time to serialize the objects is costly and is measured when benchmarking g. 
Thus only an over-approximation of g can be achieved. As we said in Q54 an identifier pi, x, j, yq is a message, as well as 
the n messages p f , j, yq used to send a term, where n is the size of the term. Let us call them “elementary messages” and 
let us assume, for sake of simplicity, that they have the fix size B (for instance, the size of the integers, 64 bits, is fixed 
for a given architecture26). For a given superstep and a given processor 0 ď i ă p, let hiden,in

i (resp. hiden,out
i ) be the number 

of identifiers received (resp. sent) by i during the communication phase, and hterm,in
i (resp. hterm,out

i ) be the number of terms 
received (resp. sent) by i. Such sizes are fixed by the algorithm and the interpretation of the processor identifiers (which 
can be assumed to be uniform, see Section 2.2). Because the cost of the communication phase is g ˆ h ̀ L where g reflects 
the cost of performing a 1-relation (of the bsp machine executing the algorithm) and h the maximum number of words 
(sent or received) per processor, transmitting n messages of size 1 or 1 message of size n are seen as equivalent in the bsp

model. Thus we have h “ max0ďiăpphiden,in
i ` N.hterm,in

i , hiden,out
i ` N.hterm,out

i q. Actually, in our realization of the communication 
function, every processor performs one sending/receiving of elementary message per communication step. To summarize, up 
to implementation details (uniform interpretation of the processor identifiers, size of the data), h is given by the algorithm 
itself (the pattern of communication).

Q57: Is it also the case for L?

Indeed. It also depends on some architectural parameters and on which routines are available (e.g. drma with or with-
out buffering of data). It is the case for our realization where we update Msg and IdMsg.

Q58: Is using a single function of communication not a problem? I think of a faulty algorithm that would use two different mpi’s 
collective routines to terminate a superstep.

26 In the pub [51], a bsplib-like library, B is the size of a datagram and a 1-relation is for B words in place of a single word; Notice that our realization 
of the communication is naive since letters are transmitted one by one in place of batching all the data (for a bulk sending, in order to optimize the use of 
the network) as it is done in most bsp libraries [23,51].
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This is not a problem. We can imagine such a function working by cases and generating an undef otherwise which forces 
the asms to stop.

Q59: Fine, you obtained a realization of the communication function for bsp. But this has been done by using an asm program, not a
bsp one.

You are right. It is time to introduce you to the imperative programming language that we will use for the rest of the 
paper.

3. Algorithm completeness and imperative characterization of BSP

Because a programmer prefers to use a mainstream language to get his algorithms implemented, we present a spmd

extension of the standard imp core-language. The imp programs are only sequential updates, conditionals and unbounded 
loops, so this programming language can be seen as minimal. That means that the results of this section can be generalized 
to more common and complex imperative languages such as c or java. As before, the impbsp machines use first-order 
structures, and are not limited to a particular architecture. Any concrete data structure which can be used for asmbsp can be 
used for impbsp , and vice versa. In other words, we are working up to data structures and their elementary operations (such as 
the function of communication) and by comparing the algorithmic expressiveness of the control flow statements. But before 
presenting the operational semantics of impbsp , we first have to formalize the notion of algorithm completeness.

3.1. Algorithmic simulation and completeness [12]

Sometimes a literal identity can be proven between two models of computation [14]. But generally, only a simulation can 
be proven between them. We say that a computation model M1 can simulate another computation model M2 if for every 
program P2 of M2 there exists a program P1 of M1 producing “similar” executions from the initial states. By “similar” we 
mean up to a bounded number of fresh variables and up to temporal dilation.

3.1.1. Fresh variables
For instance, an exchange x Ø y between two variables x and y can be simulated by v :“x; x :“ y; y :“v , by using a fresh 

variable v . So, the signature L1 of the simulating program is an extension of the signature L2 of the simulated program, in 
other words L1 ĚL2.

The signature must remain finite, so L1zL2 must be a finite set of variables, but this is not enough. To prevent the 
introduction of an unbounded amount of information, we also assume that the “fresh” variables are uniformly initialized: 
their values are the same in the initial processors, up to isomorphism. To do so we introduce the notion of restriction of 
structures:

Definition 13 (Restriction of structures). Let X be a structure with signature L1, and let L2 be a signature such that L1 ĚL2. 
The restriction of X to the signature L2 will be denoted X |L2 and is defined as a structure of signature L2 such that 
UpX |L2q “ UpXq and for every f PL2 we have f

X|L2 “ f
X

. Moreover, X will be called an extension of X |L2 .

3.1.2. Temporal dilation
During every “step” of a turing machine, the state of the machine is updated, a symbol is written in the cell, and the 

head may move left or right. But the notion of elementary action is arbitrary. We may consider either a machine M1

requiring three steps to do these three elementary actions, or a machine M3 requiring only one step to do the three aspects 
of one multi-action. An execution 

���
T of M3 corresponds to an execution 

���
S of M1 if for every three steps of M1 the state 

is the same as M3:

M1 S0, S1, S2, S3, S4, S5, S6, S7, S8, . . .

M3 T0, T1, T2, . . .

In other words, if M1 is three times faster than M3, these executions may be considered equivalent, so we will say that 
there is a temporal dilation d “ 3. In this example, the dilation is uniform for every program, but this temporal dilation may 
depend on the simulated program (but not on an initial state).

Notice that the temporal dilation is not sufficient to ensure that the final states are the same. Indeed, in the previous 
example, Tt may be terminal for M1, but we may have an infinite loop for M1:

M1 . . . , S3t, S3t`1, S3t`2, S3t, S3t`1, S3t`2, . . .

M3 . . . , Tt, Tt, . . .

So, we add to the following definition an ending time e ensuring that the simulating program terminates if the simulated 
program has terminated:
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Definition 14 (Algorithmic simulation). Let M1 and M2 be two machines. We say that M1 simulates M2 if for every program 
P2 of M2 there exists a program P1 of M1 such that: (1) LpP1q ĚLpP2q, and LpP1qzLpP2q is a finite set of fresh variables 
depending only on P2 and uniformly initialized; and there exists d ą0 and e ě0 depending both only on P2 such that 
for every execution 

���
T “T0, T1, . . . of P2 there exists an execution 

���
S “S0, S1, . . . of P1 verifying that (2) for every t PN , 

Sdˆt |LpP2q “ Tt , and (3) timepP1, S0q “ d ̂ timepP2, T0q ̀ e.

Notice that these parameters (i.e. the fresh variables, the temporal dilation d and the ending time e) depend on what 
is simulated and not on a particular state of the execution. If M1 simulates M2 and M2 simulates M1 then they are 
said algorithmically equivalent which is denoted by M1 » M2. Algorithm completeness is when a model of computation is 
algorithmically equivalent to the entire class of algorithms [48] for the functions it computes. More discussions about the 
simulation could be find in q62-q67 p. 39.

3.2. An imperative characterization of BSP

An impbsp program is a common sequence of commands, which are standard control flow statements or assignments. These 
assignments can contain primitives for computation or operations on buffer to prepare the communications steps (e.g. bsp

drma operations, see SubSection 2.7). The main difference with a usual sequential program is the primitive of communica-
tion:

Definition 15 (Syntax of imperative programs).

commands: c
def
“ f pθ1, . . . , θαq :“ θ0

| if F tP1u else tP2u

|while F tPu

| comm

programs: P
def
“ end | c; P

where F is a formula, f has arity α and θ1, . . . , θα , θ0 are terms. To improve readability and when there is no ambiguity, 
we write if F tPu for the command if F tPu else tendu. The composition of commands c; P is extended to composition of 
programs P1 � P2 with the following inductive rules: pend � P2q 

def
“ P2 and pc; P1q � P2

def
“ c; pP1 � P2q.

A processor follows the operational semantics for of its impbsp program, and thus computes locally until it reaches a 
comm (in which case it waits for the global communication step) or an end command. The operational semantics of the 
local computations is formalized by a state transition system, where a state of the system is a pair P ‹ X of a program P
and a structure X , and a transition ą is determined only by the head command and the current structure:

Definition 16 (Sequential operational semantics [12]).

f pθ1, . . . , θαq :“ θ0; P ‹ X ą P ‹ X ‘ p f , θ1
X
, . . . , θα

X
, θ0

X
q

if F tP1u else tP2u; P3 ‹ X ą P1 � P3 ‹ X if F
X
“ true

if F tP1u else tP2u; P3 ‹ X ą P2 � P3 ‹ X otherwise

while F tP1u; P2 ‹ X ą P1 � while F tP1u; P2 ‹ X if F
X
“ true

while F tP1u; P2 ‹ X ą P2 ‹ X otherwise

It is easy to prove that this transition system is deterministic. We denote by ąt the succession of t steps. The states 
without successors are comm; P ‹ X and end‹ X . We say that a program P terminates locally on a local memory X , denoted 
by P

eĲ
X , if there exists t and X 1 such that P ‹ X ąt end ‹ X 1 . Moreover, a program P waits for a communication on a local 

memory X , denoted by P
cĲ

X , if there exists t , P 1 and X 1 such that P ‹ X ąt comm; P 1 ‹ X 1 . Because the state transition 
system is deterministic, these t and X 1 are unique, so t will be denoted by timeseqpP , Xq, and X 1 by PpXq. If P does not 
terminate locally nor waits for a communication on X , denoted by P

8Ĳ
X , then we assume that timeseqpP , Xq “8.

For every 0 ď t ď timeseqpP , Xq, there exists a unique Pt and Xt such that P ‹ X ąt Pt ‹ Xt . This Pt will be denoted by 
τ t

XpPq, and this Xt by τ t
P pXq. Notice that τP is not a transition function because τ t

P pXq ‰ τ 1
P ˝ ¨ ¨ ¨ ˝ τ 1

P pXq. We denote by 
�pP , Xq the succession of updates made by P on X :

�pP , Xq
def
“

ď

0ďtătime pP ,Xq

τ t`1
P pXq a τ t

P pXq

seq
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Unlike the asm, only one update can be done at each step. Therefore, if P
eĲ

X or P
cĲ

X then �pP , Xq is finite. Moreover, 
we say that P is without overwrite on X if �pP , Xq is consistent.

Lemma 10 (Updates without overwrite). If P
eĲ

X or P
cĲ

X without overwrite then �pP , Xq “ PpXq a X.

Proof (Sketch of). The proof is made by induction on timeseqpP , Xq. The only difference with the purely sequential case 
[12] is that programs can terminate on the comm statement. l

The operational semantics of impbsp is formalized by a state transition system, where a state of the system is a pair 
ÝÑ
P ‹

ÝÑ
X of a p-tuple ÝÑP “

`

P 1, . . . , P p
˘

of programs, and a p-tuple ÝÑX “
`

X1, . . . , X p
˘

of local memories. ÝÑP will be said 
in a computation phase if there exists 1 ď i ď p such that P i ‰ end and P i ‰ comm; P . Otherwise, ÝÑP will be said in a 
communication phase. We define:

ÝÑτ ÝÑX p
ÝÑ
P q

def
“

`

τX1pP 1q, . . . , τX p pP pq
˘

ÝÑτ ÝÑP p
ÝÑ
X q

def
“

`

τP 1pX1q, . . . , τP p pX pq
˘

where, for every P ‹ X , τXpPq and τP pXq are defined by:

P ‹ X ą τX pP q ‹ τP pXq if P ‹ X has a successor
P ‹ X “ τX pP q ‹ τP pXq otherwise

For the following definition, we recall the use of a on p-tuples: we denote by ÝÑτ ÝÑP p
ÝÑ
X q a ÝÑX the p-tuple 

`

τP 1pX1q a X1, . . . , τP p pX pq a X p
˘

.

Definition 17 (Semantics of the BSP imperative core-language). An impbsp machine M is a quadruplet pSpMq, IpMq, Pinit ,

commMq verifying that:

(1) SpMq is a set of p-tuples of processors with the same finite signature LpMq containing the booleans and the equality;
(2) The initial states of the transition system have the form ÝÝÑPinit ‹

ÝÑ
X , where ÝÑX P IpMq Ď SpMq and ÝÝÑPinit “ pPinit, . . . , Pinitq;

(3) Pinit is a program with terms from LpMq;
(4) commM : SpMq ÞÑ SpMq verifies (as in Definition 11 p. 15) that:

(1) For every state ÝÑP ‹
ÝÑX such that ÝÑP is in a communication phase, commM preserves the universes and the number 

of processors, and commutes with multi-isomorphisms;
(2) There exists a finite set of terms T pcommM q such that for every state ÝÑ

P ‹
ÝÑ
X and ÝÑ

Q ‹
ÝÑ
Y , if ÝÑ

P and ÝÑ
Q are in 

a communication phase and ÝÑX and ÝÑY coincide over T pcommM q then ÝÑτ ÝÑP p
ÝÑX q a ÝÑX “ ÝÑτ ÝÑQ p

ÝÑY q a ÝÑY (that is 
commM p

ÝÑX q a ÝÑX “ commM p
ÝÑY q a ÝÑY ).

The operational semantics ÝÑą of impbsp is defined by:

ÝÑ
P ‹

ÝÑ
XÝÑą

#

ÝÑτ ÝÑX p
ÝÑ
P q ‹ ÝÑτ ÝÑP p

ÝÑ
X q if

ÝÑ
P is in a computation phase

ÝÝÑnextpÝÑP q ‹ commMp
ÝÑ
X q if

ÝÑ
P is in a communication phase

where ÝÝÑnextpP 1, . . . , P pq “
`

nextpP 1q, . . . ,nextpP pq
˘

, with nextpcomm; Pq “ P and nextpendq “ end.

As previously, a superstep is composed of a phase of computation followed by a phase of communication, and the whole 
execution of machine is a sequence of supersteps. Because ą and commM are deterministic, this transition system is also 
deterministic. We denote by ÝÑą t the succession of t steps. According to the previous definitions, the fixpoints27 of the 
transition system are states ÝÑP ‹ÝÑX such that for every 1 ď i ď p, Pi “while F tendu; P 1 (in which case F is true in Xi ) or 
Pi “ end, and such that if ÝÑP is in a communication phase then commMp

ÝÑ
X q “ÝÑX .

A state ÝÑP ‹ ÝÑX is said final if commMp
ÝÑ
X q “ÝÑX and for every 1 ď i ď p, Pi “ end. We say that, on local memories ÝÑX , 

the (initial) program Pinit terminates globally, which will be denoted by Pinit
ĲÝÑ

X , if there exists t , 
ÝÑ
P 1 and 

ÝÑ
X 1 such that 

ÝÝÑ
Pinit ‹

ÝÑ
X ÝÑą t

ÝÑ
P 1 ‹

ÝÑ
X 1 , where 

ÝÑ
P 1 ‹

ÝÑ
X 1 is a final state. We denote by timepPinit , 

ÝÑ
X q the smallest of those t , by assuming (as in 

the Definition 3 p. 6) potential infinite duration if Pinit does not terminate globally28 on ÝÑX . Moreover, because the reached 
state is a fixpoint, 

ÝÑ
X 1 is unique, and will be denoted by ÝÝÑPinitp

ÝÑ
X q.

Notice that in impbsp , because the communication steps cannot begin until the end of the computation steps, we have 
for every computation step ÝÑP ‹

ÝÑ
X (such that every Pi terminates locally or waits for a communication on Xi ) that 

27 The states such that the structures and the “instruction pointer” of the programs cannot be changed anymore.
28 There is an infinite number of supersteps or during one of them, at least, the computations of one processor diverges.
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Pinit
def
“

while p2j ă pq t

if ppidą 2jq t

readpy,r,pid´ 2jq;
while bcomm tcomm; endu;
bcomm :“ true;
r :“ y op r;
end

u else t

while bcomm tcomm; endu;
bcomm :“ true;
end

u;
j :“ j` 1;
end

u;end

Fig. 6. Imperative program for the prefix computation.

timepÝÑP , ÝÑX q “ timep
ÝÑ
P 1 , 
ÝÑ
X 1q ̀ maxp

i“1 timeseqpPi, Xiq, where 
ÝÑ
P 1 ‹

ÝÑ
X 1 is the first communication step after ÝÑP ‹ ÝÑX . This 

is intended for the cost model, detailed in Subsection 2.6 p. 24.

Example 5. We can use the imperative program of Fig. 6 p. 33 for the prefix computation (see p. 10), by assuming as 
in SubSection 2.7 p. 24 a boolean bcomm initialized to true and updated to false when the communication function has 
finished to transmit the messages. As before, readpy, r, pid´ 2jq is only syntactic sugar to manage the communication 
buffers. The other initializations and the execution are similar to Example 4 p. 16, except that the program evolves for every 
processor (which can be seen as an instruction pointer).

3.3. Algorithmic completeness of a core-imperative BSP language

Now that we have defined our core bsp programming language as a common imperative model of computation, we prove 
in the following subsection that asmbsp algorithmically simulates (Definition 14 p. 31) impbsp , and in the SubSection 3.3.2
p. 35 that impbsp algorithmically simulates asmbsp .

3.3.1. asmbsp simulates impbsp

The simplest idea to translate an impbsp program P into an asm program is to add a variable for the current line of the 
program and follow the flow of execution. It has been showed in [12] why such a method raises some difficulties notably to 
define the translation inductively. Instead, we will add a bounded number of boolean variables bP1 , . . . , bPk , where P1, . . . , Pk
are the programs occurring during a possible execution of the simulated program P . The set of these programs will be called 
the control flow graph (cfg) GpPq of the program P , and differs from [12] only because of comm:

Definition 18 (Control flow graph).

Gpendq def
“ tendu

Gpcomm; P q
def
“ tcomm; Pu

Y GpP q

Gp f pθ1, . . . , θαq :“ θ0; P q
def
“ t f pθ1, . . . , θαq :“ θ0; Pu

Y GpP q

Gpif F tP1u else tP2u; P3q
def
“ tif F tP1u else tP2u; P3u

Y GpP1q
˚
ñ P3

Y GpP2q
˚
ñ P3

Y GpP3q

Gpwhile F tP1u; P2q
def
“ GpP1q

˚
ñpwhile F tP1u; P2q

Y GpP2q

where GpP1q 
˚
ñ P2

def
“ tP � P2 | P P GpP1qu.
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�end�asm def
“ par endpar

�comm; P �asm def
“ par endpar

� f pθ1, . . . , θαq :“ θ0; P �asm def
“

par
b① :“ false

} f pθ1, . . . , θαq :“ θ0

} b② :“ true
endpar

�if F tP1u else tP2u; P3 �asm def
“

par
b③ :“ false

} if F then b④ :“ true else b⑤ :“ true endif
endpar

�while F tc; P1u; P2 �asm def
“

par
b⑥ :“ false

} if F then b⑦ :“ true else b⑧ :“ true endif
endpar

�while F tendu; P2 �asm def
“

if F then b8 :“�b8
else par

b⑧ :“ true
} b⑨ :“ false

endpar
endif

where:
Assignment :
①

def
“ f pθ1, . . . , θαq :“ θ0; P

②
def
“ P

Conditional :
③

def
“ if F tP1u else tP2u; P3

④
def
“ P1 � P3

⑤
def
“ P2 � P3

Loop :
⑥

def
“ while F tc; P1u; P2

⑦
def
“ c; P1 � while F tc; P1u; P2

⑧
def
“ P2

⑨
def
“ while F tendu; P2

Fig. 7. Translation of one step of a program.

By induction, we have cardpGpPqq ď lengthpPq ̀ 1, where the length (number of instructions) of a program P is defined 
by induction in the usual way (see [12] for a formal definition). Therefore, the number of boolean variables bPi , where 
Pi P GpPq, is bounded by a number depending only of P .

Each processor X of the impbsp machine M will be simulated by the asmbsp machine A by using the same processor X
but with new symbols LpAq “ LpMq Y tbPi | Pi P GpPqu such that one and only one of the bPi is true. This extension of 
the structure X will be denoted by XrbPi s. An initial processor X for the program Pinit will be simulated by the processor 
XrbPinit s, and during the execution, the translation �P of the program P determines whether a boolean variable is true (or 
not) at a given step of a given processor:

Definition 19 (Translation of a program P into an ASM program �P ).

�P
def
“

par

if bP1 then � P1 �asm endif

}
...

} if bPk then � Pk �asm endif
endpar

such that GpPq “ tP1, . . . , Pku and where the translation � Pi �asm of the first step of Pi is defined at the Fig. 7 p. 34. Notice 
that the comm is translated to an empty code because, in the asmbsp , the communication steps are always performed by 
the communication function when the local computation steps have terminated. Other statements are translated as in the 
sequential case.

Notice that we distinguished two cases for the translation of the while command. Indeed, if we did not, then the asm

would have tried to do two updates bwhile F tP1u;P2
:“ false and bP1;while F tP1u;P2

:“ true. But, in the case where the body 
P1 “ end, both would have clashed and the asmbsp would have stopped. This behavior is not compatible with the impbsp

program, which would had looped forever. To preserve this behavior, we modified the translation and added a fresh variable 
b8 which prevents the asmbsp from terminating. Another solution, but less general, would have been to forbid empty body 
for the while commands (as in [12]).

We can now prove that, during the computation phases, the asm program �P simulates step-by-step the program P and 
so for each processor X :
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Lemma 11 (Step-by-step simulation of the sequential parts). For every 0 ď t ă timeseqpP , Xq:

τ�P pτ
t
P pXqrbτ t

X pPqsq “ τ t`1
P pXqrb

τ t`1
X pPqs

Proof (Sketch of). The proof is made by case on τ t
X pPq and by induction on t , by using the fact that the bτ t

X pPq are fresh 
and that for every PG P GpPq, �p�P , XrbPG sq “ �p� PG �asm

, XrbPG sq. The proof is as in the sequential case [12], except when 
the processor waits for a communication. l

Therefore, asmbsp algorithmically simulates impbsp with at most lengthpPq ̀ 2 fresh variables, a temporal dilation d “ 1
and an ending time e “ 0:

Proposition 5. asmbsp algorithmically simulates impbsp .

Proof (Sketch of). Let M “ pSpMq, IpMq, Pinit , commMq be an impbsp machine, and let A “ pSpAq, IpAq, τAq be the asmbsp

machine29 defined by: SpAq is an extension of SpMq by using the boolean variables bPi with Pi P GpPq, and b8; every X P
IpAq is a X |LpMq P IpMq such that only bP is true; the asm program of the machine A is the program �P in Definition 19
p. 34; and commA is commM for the symbols of LpMq, and for the new boolean variables it works as follows: if bcomm;P is 
true in a processor then bcomm;P becomes false and bP becomes true; otherwise the boolean variables bPi and b8 remain 
unchanged. According to the Definition 14 p. 31 of an algorithmic simulation, there are three points to prove:

(1) LpAq “LpMq YtbPi | Pi P GpPquY tb8u, where cardpGpPqq ď lengthpPq ̀ 1, so the number of fresh variables is finite 
and depends only of the simulated program P .

During a computation phase, the asm program �P is applied to every processor, and according to the Lemma 11 the 
execution corresponds to the operational semantics of the imp programs in the Definition 16 p. 31. A processor i terminates 
if bcomm;P (Pi

cĲ
Xi case) or bend (Pi

eĲ
Xi case) is true (for the current impbsp program Pi on processor i). When every 

processor has terminated, the state is in a communication phase and commA apples the communication function commM

and updates the boolean variables from bcomm;P to bP , thus respecting the behavior of the function next (see Definition 17
p. 32).

(1) One step of the impbsp machine M is simulated by d “1 step of the asmbsp machine A (during both computation and 
communication phases);

(2) Moreover, a state ÝÑX of the asmbsp machine A is final if τ�p
ÝÑ
X q “ÝÑX and commAp

ÝÑ
X q “ÝÑX , and this happens if and 

only if bend is true for every processor and commMp
ÝÑ
X q “ÝÑX . Therefore, the asmbsp machine A stops if and only if the 

impbsp machine M stops, and the ending time is e “ 0. l

3.3.2. impbsp simulates asmbsp

We prove this second simulation (the reverse of the previous simulation) in two steps: (1) We translate (as in the 
sequential case) an asm program � into an imperative program P step

� simulating one step of �; (2) Then, we construct an 
imperative program P� which repeats P step

� during the computation phase, and detects the communication phase by using 
a formula F end

� .
Because the asmbsp and impbsp programs have the same updates and conditionals, a naive sequentialization ���imp of an 

asm program � does not work [12], because an asm program like par x :“ y } y :“ x endpar which exchanges the values of 
the variables x and y would be translated into x :“ y; y :“ x; end which sets the value of x to the value of y and leaves y
unchanged. To capture the simultaneous behavior of the asm programs, we need to substitute the terms θ1, . . . , θr read in 
� (where r “ cardpRead p�qq, see p. 15) by fresh variables vθ1 , . . . , vθr , to obtain the program ���imp

rÝÑvθ {
ÝÑ
θ s.

Thus, for every term θ P Read p�q, we add to Lp�q a fresh variable vθ . The program vθ1 :“ θ1; . . . ; vθr :“ θr; ���imp
rÝÑvθ {

ÝÑ
θ s captures the simultaneous behavior of the asm program �. But, according to the Definition 14 p. 31 of the algorithmic 

simulation, one step of the asm program � must be translated into exactly d steps of the program. Thus, we must ensure 
that our translated program computes the same number of steps for every execution. According to the Corollary 3 p. 19, we 
can assume that the asm program � is in normal form:

29 Notice that �P is an asm program, and that because we extended the commM function (which verifies the third postulate) with a bounded number of 
fresh variables, commA has an exploration witness. Thus, A is actually an asmbsp machine.
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�“

if F1 then

par f p
ÝÑ
θ1

1 q :“ θ1
1

}

.

.

.

} f p
ÝÑ
θ1

m1
q :“ θ1

m1

endpar
.
.
.

else if Fc then
par f p

ÝÑ
θ c

1 q :“ θ c
1

}

.

.

.

} f p
ÝÑ
θ c

mc
q :“ θ c

mc

endpar
endif . . .endif

P step
�

def
“

vθ1 :“ θ1;
.
.
.

vθr :“ θr ;
if v F1t

f pÝÑvθ1
1
q :“ vθ1

1
;

.

.

.

f pÝÝÑvθ1
m1
q :“ vθ1

m1
;

skip pc`mq´ p1`m1qu

.

.

.

else t if v Fc t

f pÝÑvθ c
1
q :“ vθ c

1
;

.

.

.

f pÝÝÑvθ c
mc
q :“ vθ c

mc
;

skip pc`mq´ p1`mcqu

; endu . . . ; endu ; end

Fig. 8. Translation P step
� of one step of the asm program �.

if F1 then �1

else if F2 then �2

...

else if Fc then �c

endif . . . endif

where, for every processor X from a state in a computing phase, one and only one of these formulas F1, . . . , Fc is true, 
and the programs �i have the form par ui

1 } . . . } u
i
mi

where ui
1, . . . , u

i
mi

are mi update commands, and �i produces distinct 
non-clashing sets of non-trivial updates. Let m “max1ďiďctmiu. We pad [36] every block of mi update commands by using 
a skip n command, defined by:

skip 0 def
“ end

skip n` 1 def
“ if true tendu;skip n

The translation P step
� of one step of the asm program � is given explicitly at Fig. 8 p. 36, and we prove that it requires 

exactly r ` c `m steps (which depends only of �) for every extension X of a processor of the asmbsp machine with the 
fresh variables tvθ | θ P Read p�qu.

Lemma 12 (Translation of one step of a sequential ASM program).

pP step
� pXq � Xq|Lp�q “�p�, X |Lp�qq

timeseqpP
step
� , Xq “ r ` c `m

where r “ cardpRead p�qq, c is the number of formulas in the asm program � in normal form, and m is the maximum number of 
updates per block of updates in �.

Proof (Sketch of). The proof is similar to the sequential case [12]. The initialization of P step
� requires r steps. Because � is 

in normal form, one and only one v Fi is true in X . One step is required to enter on the block of v Fi , the other conditionals 
are erased in c´1 steps. The updates of the block are �p�, X|Lp�qq and require mi steps, then the skip m ́ mi commands 
require m ́ mi steps.

We have �pP step
� , Xq “ tpvθ , θ

X
quθPReadp�q Y �p�, X |Lp�qq. P step

� terminates locally because it contains no loop nor 
comm, and is without overwrite on X because � is in normal form. So (Lemma 10 p. 32) �pP step

� , Xq “ P step
� pXq a X . 

Therefore pP step
pXq a Xq|Lp�q “�p�, X |Lp�qq. l
�
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P�
def
“ while �bend

commA
t

if F end
� t

skip pr` c`mq´ 1�

comm;
end

u else t

P step
�

u; end

u; end

Fig. 9. Translation P� of the asm program �.

Therefore, we can prove by induction on t that for every processor X in a computation phase we have:

t times

P step
� ˝ ¨ ¨ ¨ ˝ P step

� pXq “ τ t
�pX |Lp�qq

Thus, we want to repeat P step
� until the end of the computation phase which is, according to the Definition 9 p. 14, the 

termination of �. Because every update block �i of the asm program � in normal form produce a non-clashing set of 
non-trivial updates, if � can terminate then there exists a �i which is the empty program par endpar. Because the blocks 
produce distinct set of updates, this �i is the only empty block of updates in �. So, we can define the termination formula 
F end

� :

Definition 20 (The termination formula).

F end
�

def
“

$

&

%

Fi if there exists 1ď i ď c
such that �i “ par endpar

false otherwise

Lemma 13 (Correctness of the termination formula).

inf

#

t PN

ˇ

ˇ

ˇ

ˇ

ˇ

F end
�

t times

P step
� ˝ ¨ ¨ ¨ ˝ P step

� pXq
“ true

+

“ timeseqp�, X |Lp�qq

Proof (Sketch of). The proof is similar to the sequential case [12], and based on the Lemma 12 which states that the 
program P step

� simulates one step of the asm program �. If � does not terminate then the set is empty, thus the inf is 
8. l

So, a computation phase of the asm program � can be simulated by an imp program like while �F end
� tP step

� u; end. 
According to the definition of asmbsp , the communication phase begins at the termination of the asm program �, and 
continues until � can do the first update of the next computation phase.

The execution ends when F end
� is true and the communication function commA changes nothing. By using the explo-

ration witness T pcommAq of the communication function, each processor can locally know whether the communication 
function has updated it or not at the last step, but it cannot know if the communication function has globally terminated. 
Therefore, we use a fresh boolean bend

commA
updated by the communication function commA itself to detect if the communi-

cation phase has terminated.
Let P� be the imp program defined in Fig. 9, which is the translation of the asm program �. Notice that comm is 

executed only if F end
� is true. That means that the fresh boolean bend

commA
can be set to true only if F end

� is true and commA
has terminated, which indicates the end of the execution. Therefore, impbsp algorithmically simulates asmbsp with at most 
Read p�q ` 2 fresh variables, a temporal dilation d “ 2 ̀ r` c`m and an ending time e “ d ̀ 1:

Proposition 6. impbsp algorithmically simulates asmbsp .

Proof (Sketch of). Let A “pSpAq, IpAq, τAq be an asmbsp machine, with an asm program � and a communication function 
commA . Let M“pSpMq, IpMq, P�, commMq be the impbsp machine defined by: SpMq is an extension of SpAq by using the 
fresh variables vθ1 , . . . , vθr with tθ1, . . . , θru “Read p�q, and the fresh boolean bend

commA
; every X P IpMq is a X |LpAq P IpAq, 

such that vθ1 , . . . , vθr are initialized with the value of undef, and bend
commA

to false; the imp program P� is defined at the 
Fig. 9 p. 37; commM is commA for the symbols of LpAq, leaves unchanged the variables vθ for θ P Read p�q, and if commA
changes nothing then commM updates bend

commA
to true. According to the Definition 14 p. 31 of the simulation, there are 

three points to prove:
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Fig. 10. Diagrams of the models.

(1) LpMq “LpAq Ytvθ | θ P Read p�quYtbend
commA

u, so we have r`1 fresh variables with r“cardpRead p�qq, which depends 
only of the asm program �.

During the computation phase, P� is applied on every processor and works as follows: The while command checks in one 
step whether the execution has terminated or not; then, the if command checks in one step whether F end

� is true or not 
which (Lemma 13 p. 37) indicates whether � has terminated or not. If � has terminated, then pr ` c `mq ́ 1 steps are 
done by the skip commands, then the head command of the execution becomes a comm, and the processor waits for the 
other processors to do the communication commM , which is done in one step. Moreover, if commA has terminated, bend

commA

becomes true during commM . Otherwise, if � has not terminated, P step
� is executed in r ` c `m steps, and (Lemma 12

p. 36) simulates one step of the asm program �. In any case, the execution comes backs to the while command.
Notice that the comm commands are after the skip in order to be the last things done by a processor during the 

simulation of a communication step of the asmbsp machine. This ensures the synchronization of the processors when some 
are in a computation phase and others are waiting the communication.

(2) Thus, a computation or a communication step of the asmbsp machine is simulated by exactly d “ 2 ̀ r` c`m steps of 
the impbsp machine.

(3) A terminal state of the asmbsp machine is reached when � has terminated for every processor and the communication 
function commA changes nothing. In such state, the while command checks bend

commA
which was false during the entire 

execution, then the if command checks that F end
� is true, then skip pr ` c`mq ́ 1, then the communication is done 

and sets bend
commA

to true. Then the while command verifies that the execution is terminated, and the program reaches 
the end after e “ d ̀ 1 steps. l

Therefore, according to the Proposition 5 p. 35 and the Proposition 6 p. 37, we obtain in the sense of the Definition 14
p. 31 that:

Theorem 2. impbsp » asmbsp

In other words, our core imperative programming language impbsp is algorithmically equivalent to asmbsp . And by algo-
rithmically equivalent, we mean that the executions are the same, up to a bounded number of fresh variables, a constant 
temporal dilation, and a constant ending time. In that sense, the bsp cost model is preserved by the translation (see Proposi-
tion 7 p. 40). More discussions about the overall result could be find in q68-q71 p. 40.

3.4. Questions and answers

Q60: With all these different models and notations, I am a little lost. So what?

We have proven, by using an algorithmic bi-simulation, that asmbsp and impbsp are algorithmically equivalent. And thus 
that impbsp is complete for the class of bsp algorithms. Fig. 10 p. 38 illustrates the use of the different models.

Q61: So why do you use this plethoric number of definitions just to prove an obvious result?

Well, It is the main drawback of our work: everything needs to be defined even the most intuitive concepts. But keep 
in mind that this algorithmic equivalence has never been proved before.

Q62: Speaking of this simulation, even if both parts of your Theorem 2 p. 38 corresponds to your definition of the simulation, it appears 
that one way is easier than the other. Indeed, in the first part the temporal dilation was d “ 1 and the ending time e “ 0, which does 
not depend on the simulated program, whereas in the second part the temporal dilation was d “ 2 ̀ r ` c `m and the ending time 
e “ d ̀ 1. Could we find a better simulation with uniform parameters, which means that they do not depend on the simulated program?

Not with impbsp because only one update can be done at every step of computation. But indeed, we can imagine an 
alternative definition of the impbsp model, where loops and conditionals commands cost 0 step and tuple-updates like 
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px, yq :“ py, xq are allowed (for every size of tuples, not only couples). In that case, the simulation could have been done 
with the same translation but with a uniform cost of d “ 1 and e “ 1. We can even get rid of the ending time by assuming 
that bend

commA
is updated at the last step of the communication function, and not when the communication function changes 

nothing. In a way, such alternate model is algorithmically closer to the asmbsp model, because there is a quasi-identity (only 
the fresh variables are necessary) between them. But in this work we preferred a minimal model of computation, which 
can be more easily compared to mainstream programming languages.

Q63: Again, why do you not consider the number of processors as part of the input of the algorithm? For instance, a sorting algorithm 
will have an execution time depending of the size of the array. In this point of view, the total execution time could depend of the number 
of processors, and each step may be simulated by d ̊ p steps.

Indeed, the total number of steps depends on the size of the inputs, which includes p. But the execution time should 
not be confused with the cost for simulating one step. If the bsp algorithm requires f pnq steps, where n is the size of the 
inputs, then our simulation will require d ̂ f pnq ̀ e steps. Our simulation preserves the O p f pnqq in time, but this is not the 
main point. Our simulation is algorithmic because it preserves the step-by-step behavior of the bsp algorithm, by simulating 
each step by d steps, where d does not depend of the size of the inputs or the number of processors. Also, it is not possible 
to use p times the asm’s parallel updates because this would break the temporal dilation requirement (being a constant 
independant to the program and of the input data; but p is the size of the different p-tuples so is part of the input).

Q64: I understand that what you call “algorithmically” is thus not modifying (intrinsically) the complexity of the algorithms (sequen-
tial or bsp). But do your simulation works only for the local computations of the bsp’s supersteps?

No, It works for the sequence of supersteps and thus for the overall computation. For all the models (asmbsp , algobsp

and impbsp), what we called timepA, S0q is not only the sequential parts but all the computation and communication steps 
of the transition function: during local computations, processors compute in parallel (seq(par)) and then the communica-
tion is global. For impbsp we also use the notion of timeseqpP , Xq only during computations phases because programs are 
independant (par(seq)) but this local timing is “synchronised” with the global time.

Q65: And the same for communications?

Yes, bounded by the witness, the function of communication performs only one-step reductions (say 1-relations). We thus 
preserve the bsp costs, at worst with a constant factor d that is independant of p and of the algorithms.

Q66: Fine. But if you do not have an identity why do you bother to simulate one step in a constant number of steps. Why not a polyno-
mial (or a linear) number of steps?

Indeed, usually a simulation is seen acceptable if the simulation costs Op f pnqq steps, where f is a polynomial function 
and n is the duration for the simulated machine. But in this work we are not interested in the simulation of the function 
(the input-output behavior) but the simulation of the algorithm, the step-by-step behavior. A consequence of the temporal 
dilation d and the ending time e is that we simulate an execution costing n steps by an execution costing Opnq steps, 
so the complexity in time is strictly preserved, but our simulation is even more restrictive (and so our result is stronger). 
Indeed, in this work we simulate not only the output and the duration (a functional simulation) but we simulate every step 
of the execution by d steps (an algorithmic simulation). So we preserve the intentional behavior and not only the extensional 
behavior of the simulated algorithm.

Q67: And for infinite algorithms?

There are three mains cases for infinite durations. First, one processor (at least) performs an infinite computation (case 
where during a computation phase, Di Pi

8Ĳ
Xi such that is timeseqpPi, Xiq “8). Second, the calls of the function of commu-

nication never terminate (this is rather a flaw of defining such a function). Third, there is an infinite number of supersteps. 
In every case we have timepPinit , 

ÝÑ
X q “8. Because our simulation works step-by-step, the infinite computations are pre-

served with the same “costs”.

Q68: For translating impbsp programs into asmbsp programs, why not using control state asms [28]?

Indeed, our control flow graph (cfg) was quite similar. We used it because cfg is a well-known tool which works well 
for our proofs and for mainstream languages. But its use was only “internal” to the proofs, and therefore does not influence 
the final result.

Q69: Fine. So can we deduce from your results that the bsplib is bsp algorithmically complete?
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Our result of algorithmic completeness is up to elementary functions so is independant of the level of abstraction cho-
sen by the user and of the physical architectures of the machines (the user can choose any kind of machine, from turing 
ones to the most modern processors). Thus, any bsp algorithm using communications such as the ones of the bsplib (per-
mutation of data using distant writing/reading and sending of messages) can be programmed using the bsplib with the 
right cost. But other communications are possible (such as performing i/o or load-balancing or exchanging data of two non 
consequent supersteps as in the bsp+ model of [31]); using the bsplib only may force to simulate them and this simulation 
can be not algorithmic (increase in a non-constant way the number of supersteps). Anyway, an elementary function can be 
too much abstract (and unrealistic) but this is an orthogonal problem.

Q70: I am happy to finally see a set of concurrent processes par(seq) as the semantics of impbsp . So, you finally admit that it is neces-
sary to reason in such a way?

For programming bsplib-like algorithms yes. But, we prove in our context that par(seq) (impbsp) is algorithmically equivalent 
to seq(par) (asmbsp). So both reasoning are correct. Nevertheless, there exist bsp programming languages, such as bsml [25], 
that are seq(par) (and even if the underlying implementation is par(seq), e.g. using mpi) and so it could be possible to also 
prove their algorithm completeness; so, it is not necessary, it is just common for most mainstream languages, and thus for 
programming bsplib-like algorithms.

Q71: Now, speaking of the cost model, you defined an alternation of computation and communication phases for the asmbsp and for the 
impbsp , but they do not coincide in the translation. Indeed, a communication step of an asmbsp is translated into several computation 
steps in impbsp then an execution of the comm command. So, there are many more supersteps in the simulation of the asmbsp than in 
the execution of the asmbsp itself. Does your simulation truly respect the bsp cost model?

Strictly speaking, you are perfectly right. And this cannot be avoided, at least for our definition of impbsp , because the 
communication function is called via the comm command, and the program P� simulating the asm program � internalizes 
the test required to know if the program does a computation step or a communication step, test which is done by the 
operational semantics and not the program in the definition of asmbsp . But the “computation steps” done by the impbsp

program during a communication phase are only tests (or updates done by the communication function itself) and not 
updates done by the program, so it may be misleading to call them proper computation steps. If we call computation steps 
only the updates commands, communication steps the comm commands and administrative steps the if and while com-
mands, and if we call computation phase a succession of computation or administrative steps, and communication phase a 
succession of communication or administrative steps, then the number of supersteps done by an asmbsp is preserved by our 
translation. Moreover the duration of the local computation are also proportional (up to the factor d), and the cost of the 
communications (h-relations) are exactly the same. Therefore, the cost model is preserved:

Proposition 7 (Preservation of the Cost Model). The algorithmic simulation between impbsp and asmbsp preserves the cost model (up 
to a constant temporal dilation).

And we can apply such a proposition to the realization of the function of communication of SubSection 2.7 p. 24 and 
thus to bsplib-like programs.

Q72: Finally, I would like to raise the question whether the lifting to bsp could be done uniformly for all bridging models?

Having given these definitions would surely simplify an adaptation of this work to other bridging models. But we think 
that generalizing such a work for any bridging model seems unrealistic without having properly defined the notion of “all 
bridging models”.

4. Conclusion

4.1. Summary of the contribution

A bridging model (see p. 4) provides a common level of understanding between hardware and software engineers. It 
provides software developers with an attractive escape route from the world of architecture-dependent parallel software 
[20]. The bsp bridging model allows the design of “immortal”30 algorithms using a realistic cost model (and without any 
overspecification requiring the use of a large number of performance parameters) that can fit most distributed architectures. 
Many bsp algorithms has been designed and used with success in many domains [21]. The following equation summarizes 
the result:

30 Independent of the architecture and thus working for any machine in the present and in the future as long as the bsp model can be adapted to it.
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Theorem 3. impbsp » asmbsp“ algobsp

More precisely, about the “ of the above equation, we have given an axiomatic definition of bsp algorithms by adding 
only one postulate to the sequential ones of [6] for sequential algorithms (which has been widely consensual). This new 
postulate is the definition of the supersteps and we abstract how communication is performed, not being restricted to a 
specific bsp library. The asmbsp are the operational viewpoints and they are used as an intermediary to the imperative bsp

core-programming language impbsp . We also show how the bsp costs of bsp algorithms can be obtained and preserved from 
execution (the duration) of asmbsp programs.

We answer previous criticisms by defining a convincing set of parallel algorithms, in a restricted model, running in 
a predictable time. This small addition allows a greater confidence in this formal definition compared to previous work: 
postulates of concurrent asms do not provide the same level of intuitive clarity as the postulates for sequential algorithms. 
We have thus revisited the problem of the “parallel ASM thesis” i.e., to provide a machine-independent definition of bsp

algorithms and a proof that these algorithms are faithfully captured by asmbsp . We also proved that the cost model is 
preserved, which is the main novelty and specificity of this work compared to the traditional work about distributed or 
concurrent asms.

Our work is relevant because it allows universality (immortal stands for bsp computing): all future bsp algorithms, what-
ever their specificities, up to elementary functions (such as the communication one), will be captured by our definitions. So, 
our asmbsp is not just another model, it is a class model [48], which contains all bsp algorithms (and not more).

Now speaking about the » of the above equation. The asm framework allows the essence of computation to be formally 
described: the semantics, the cost and the intentional behavior of the algorithms. But it is not mainstream for coding algo-
rithms, and programming languages are largely preferred in practice. We have proven that a core-programming language, 
call impbsp , is algorithmically complete for the class of bsp algorithms. To do that, we have given an operational semantics 
of impbsp , and by using an algorithmic simulation we proved that impbsp is algorithmically equivalent to the asmbsp , up to 
elementary functions (primitives to manipulate structures and the function of communication which is used for the syn-
chronization in both the bsp extension of asms and the imperative programming language à la bsplib; the result is thus 
independent of the architecture of the underlying machine). By algorithmically equivalent, we mean that the executions 
are the same, up to a bounded number of fresh variables, a constant temporal dilation, and a constant ending time. Such 
a simulation preserves the bsp costs of algorithms. To do this, we have given two (total) functions of compilation, one 
from asmbsp to this core language and another for the converse way. asmbsp thus served us well as intermediary between 
programming languages (usable by the algorithmicians) and the class of the bsp algorithms.

By extrapolation, java/c ` bsplib is complete to program bsp algorithms, up to elementary primitives (e.g. on data-
structures and/or how communicated values): by given a realization of the bsplib’s drma operations, we have highlighted 
the bsplib’s sub-class of bsp algorithms. And we have shown that the intended bsp costs of such algorithms are preserved. 
Notice that our work is still limited to bsp algorithms even if it is still sufficient for many hpc and big-data applications. 
That leads to interesting future works.

4.2. Future work

Firstly, how to adapt our work to a hierarchical extension of bsp [33] which is closer to modern hpc architectures? It is 
worth noticing that in this model, only memories are described (in a hierarchical way), never the processors. And for other 
models such as logp [41], etc.? Can we thus imagine a method that “automatically” characterizes a bridging model? (since 
there is, or will be, a plethoric number of bridging models).

Secondly, bsp is a bridging model between hardwares and softwares. It could be interesting to study such a link more 
formally (left part of Fig. 2 p. 4). For instance, can we prove that the primitives of a bsp language can truly “be bsp” on a 
typical cluster architecture?

Thirdly, there are many languages having a bsp-like model of execution, for instance pregel [26] for writing large-graph 
algorithms. There is also the bsp-ram model of [31]. An interesting application would be to prove which ones are bsp

algorithmically complete and which are not. mapreduce is an interesting case: its model of execution is bsp but there are 
only limited routines. It has been proven in [42] that some restricted bsp algorithms can be efficiently simulated by the
mapreduce framework. But the author notes that using the available simulations, the asymptotic costs of the algorithms 
do increase. We believe that it is impossible (in general) to have such an equivalence. Thus, it seems that the language is 
not bsp complete. Such a formal proof can only be done by contradiction: assuming a “perfect” translation and exhibiting a 
contradiction. Even if it exists, such a proof would be hard to establish because one can imagine a very subtle translation. 
But the mapreduce also benefits of an automatic load balancing of the individual tasks which is not possible using bsplib

(especially for tasks with unknown execution time), and thus making the formal proof complex. However, we think, as 
[42], that a breadth first search algorithm is a good example for such a counter-example (the author of [42] has studied an 
efficient translation but not all the possible ones).

In any case, studying the bsp-ram (such as communication-oblivious of [31]) would lead to a define strict subclasses of
bsp algorithms. Studying the bspλ ́ calculus (the foundation of bsml [25]) as was done for the λ ́ calculus [36] is another 
working track. Maybe the works of [7–9] would be preferable in that case.
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